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Abstract
Fuzzy hyperboloids naturally emerge in the geometries of branes, twistor theory, and higher
spin theories. In this work, we perform a systematic study of higher dimensional fuzzy hy-
perboloids (ultra-hyperboloids) based on non-compact Hopf maps. Two types of non-compact
Hopf maps; split-type and hybrid-type, are introduced from the cousins of division algebras.
We construct arbitrary even-dimensional fuzzy ultra-hyperboloids by applying the Schwinger
operator formalism and indefinite Clifford algebras. It is shown that fuzzy hyperboloids,H2p,2qF ,
are represented by the coset, H2p,2qF ≃ SO(2p, 2q+1)/U(p, q), and exhibit two types of gener-
alized dimensional hierarchy; hyperbolic-type (for q 6= 0) and hybrid-type (for q = 0). Fuzzy
hyperboloids can be expressed as fibre-bundle of fuzzy fibre over hyperbolic basemanifold. Such
bundle structure of fuzzy hyperboloid gives rise to non-compact monopole gauge field. Physical
realization of fuzzy hyperboloids is argued in the context of lowest Landau level physics.
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1 Introduction
Fuzzy geometry has been an active research field in the past decades. Fuzzy geometry naturally
introduces a cut-off in small scale, which softens UV divergence of field theory. A most typical and
well understood fuzzy manifold is fuzzy (two-)sphere [1, 2, 3]. Fuzzy two-sphere and its higher di-
mensional cousins naturally arise as non-trivial classical solutions of matrix model of string theory
(as a review, see Ref.[4] for instance and references therein). Interestingly, the original symmetry
of classical manifolds is generally enhanced to be a larger symmetry in their corresponding fuzzy
manifolds. Such symmetry enhancement is interpreted as quantum geometrical effect particular
to fuzzy manifolds [5, 6]: quantum fluctuations on fuzzy manifold “smear” the original classi-
cal geometry to generate a larger fuzzy geometry. Fuzzy spheres have mathematical structures
closely related to Clifford algebra. The coordinates on fuzzy 2p-sphere correspond to SO(2p+ 1)
gamma matrices of fully symmetric representation [7]. A most convenient way to handle the fully
symmetric representation is to adopt the Schwinger operator formalism1: the fuzzy coordinates
of fuzzy two-spheres [8, 9] and four-spheres [10] are constructed by sandwiching the SO(3) and
SO(5) gamma matrices by the Schwinger operators. Similarly, the coordinates of even higher
dimensional fuzzy spheres can be constructed[11, 12, 13, 14, 15]. Furthermore, supersymmetric
generalizations of fuzzy spheres [6, 16, 17] and general fuzzy Riemann surfaces [18] have also been
explored.
1The Schwinger operator formalism is sometimes referred to as oscillator formalism or oscillator realization in
literature.
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The Schwinger construction of the fuzzy spheres is regarded as an operator version of the Hopf
maps (see Ref.[19] as a review, and Refs.[20, 21, 22]). The Hopf maps are topological maps from
sphere to sphere in different dimensions, introduced by Heinz Hopf about eighty years ago [23, 24]:
S3
S1−→ S2 (1st)
S7 −→ S4 (2nd)
S15 −→ S8 (3rd)
The Hopf maps (which we designate as the compact Hopf maps) are related to the division
algebras, i.e. complex number (1st), quaternions (2nd) and octonions (3rd) [19, 25]. Quaternions
and octonions are constructed by applying Cayley-Dickson construction to complex number [26].
The geometry of the Hopf maps reflects such particular construction and exhibits a hierarchical
structure as shown in the above picture. Meanwhile, Clifford algebra is another generalization
of the complex number, and the coordinates of higher dimensional fuzzy spheres are essentially
regarded as gamma matrices of orthogonal groups. As is well known, higher dimensional Clifford
algebra is constructed from lower dimensional one. This particular structure of construction of
gamma matrices brings a hierarchical geometry to fuzzy spheres [12, 27].
A main goal of this work is to explore a systematic construction of higher dimensional fuzzy
hyperboloids (fuzzy ultra-hyperboloids). Fuzzy hyperboloids are typical curved fuzzy manifolds
that are regarded as non-compact analogue of fuzzy spheres. They arise as classical solutions
of the matrix model on a pp-wave background geometry [28, 29], and also play a crucial role
in the discussion of UV/IR connection [30, 31]. Furthermore, in the context of twistor theory
[32, 33, 34, 35] and higher spin theory [36, 37], fuzzy hyperboloids naturally emerge as their
underlying geometry. Though low dimensional fuzzy hyperboloids are fairly well investigated
[1, 38, 39, 40, 41], studies of fuzzy ultra-hyperboloids have a rather short history [42, 43, 44].
We show that the close relations between fuzzy spheres and the Hopf maps can naturally be
extended in the construction of fuzzy ultra-hyperboloids. It is shown that there are two kinds
of non-compact Hopf maps: the first is the split-type (split Hopf maps) constructed by the split
algebras[45, 46] 2 :
H2,1
H1,0−→ H1,1 (1st)
H4,3 −→ H2,2 (2nd)
H8,7 −→ H4,4 (3rd)
The other is the hybrid type (hybrid Hopf maps3):
2See also the preceding literatures [47, 48] for the 1st and 2nd split Hopf maps.
3The hybrid Hopf maps are a hybridization of the compact and split Hopf maps in the sense that the total
manifolds are same as those of the split Hopf maps and the fibres are those of the compact Hopf maps.
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H2,1
S1−→ H2,0 (1st)
H4,3
S3−→ H4,0 (2nd)
H8,7
S7−→ H8,0 (3rd)
With these non-compact Hopf maps, we argue geometrical structures of low dimensional fuzzy
hyperboloids4. In general, the coordinates on fuzzy hyperboloids are given by gamma matrices of
indefinite orthogonal groups. Corresponding to representations of the non-compact groups, two
formulations have been proposed to realize fuzzy hyperboloids (see Ref.[44] and references therein);
one of which is to adopt unitary infinite dimensional representation of non-compact group, and
the other is to adopt the non-unitary finite dimensional representation. We address their relations
in the Schwinger operator formalism. As the hierarchical structure of the gamma matrices reflects
the dimensional hierarchy of fuzzy spheres, generalized dimensional hierarchies are observed in
their non-compact counterparts. As coset, fuzzy spheres are given by [7]
S2pF ≃ SO(2p+ 1)/U(p), (1)
which are locally expressed as [11, 12]:
S2pF ∼ S2p ⊗ S2p−2F . (2)
Here, ∼ signifies local equivalence (throughout the paper, we adopt ∼ to express local equivalence):
S2pF is locally, but not globally, equivalent to the trivial fibration of S
2p−2
F over the basemanifold
S2p. Thus, fuzzy sphere S2pF can be regarded as a “twisted” fuzzy fibre-bundle of fuzzy fibre S
2p−2
F
over basemanifold S2p. For fuzzy hyperboloids, we have
H2p,2qF ≃ SO(2p, 2q + 1)/U(p, q). (3)
Corresponding to the split and hybrid Hopf maps, the fuzzy hyperboloids exhibit two types of the
dimensional hierarchy, one of which is the hyperbolic type
H2p,2qF ∼ H2p,2q ⊗H2p,2q−2F (q 6= 0), (4)
and the other is the hybrid type
H2p,0F ∼ H2p,0 ⊗ S2p−2F . (5)
That is, H2p,2qF is locally equivalent to fibre-bundle of fibre H
2p,2q−2
F over basemanifold H
2p,2q, and
similarly H2p,0F is equivalent to fibre-bundle of S
2p−2
F over H
2p,0. In either cases, the connection
of fuzzy fibre gives rise to (non-compact) monopole gauge field on hyperboloid5. As the lowest
4Interestingly, the compact [49, 50] and split Hopf maps [51] are also related to entangled qubit geometry of
quantum information, and black hole physics [52]. The quaternionic and split quaternionic gauge fields have also
been used to construct a generalized Chern-Simons theory [53, 54].
5Such non-compact monopole and corresponding algebraic structure (split-quaternions) play important roles in
pseudo-hermitian quantum mechanics [55, 56, 57] and topological phase of non-hermitian systems [58, 59, 60].
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Landau level physics in such monopole background, a physical interpretation of fuzzy hyperboloids
is provided, too.
This paper is organized as follows. In Section 2, we review some basic mathematics of quater-
nions, symplectic groups, and indefinite gamma matrices. In Section 3, we present close relations
between the non-compact 1st Hopf map and the Schwinger operator construction of fuzzy two-
hyperboloid. We extend the discussions to four-dimensional fuzzy hyperboloids with use of the
non-compact 2nd Hopf maps in Section 4. We further discuss construction of even higher dimen-
sional fuzzy hyperboloids based on gamma matrices of indefinite orthogonal groups in Section 5.
In Section 6, we demonstrate a physical realization of fuzzy hyperboloid in the context of lowest
Landau level physics. Section 7 is devoted to summary and discussions.
2 Cousins of Quaternions and Indefinite Gamma Matrices
In this section, we give a brief introduction of ultra-hyperboloids (Section 2.1), cousins of quater-
nions (Section 2.2), and indefinite Clifford algebras (Section 2.3).
2.1 Ultra-hyperboloids
The coordinates of ultra-hyperboloid Hp,q, xi (i = 1, 2, · · · , p) and yj (j = 1, 2, · · · , q + 1), are
defined so as to satisfy
p∑
i=1
xixi −
q+1∑
j=1
yjyj = −1. (6)
Note Hp.q 6= Hq,p (p 6= q). Ultra-hyperboloids are expressed by the following cosets6:
Hp,q ≃ SO(p, q + 1)/SO(p, q) ≃ SO(q + 1, p)/SO(q, p), (7a)
H2p,2q+1 ≃ SU(p, q + 1)/SU(p, q) ≃ SU(q + 1, p)/SU(q, p), (7b)
H4p,4q+3 ≃ Sp(p, q + 1)/Sp(p, q) ≃ Sp(q + 1, p)/Sp(q, p). (7c)
Topology of Hp,q is given by
Hp,q ≃ Rp ⊗ Sq, (8)
and then,
πq(H
p,q) = πq(S
q) = Z. (9)
Several examples are described as
Sp ≡ H0,p, (10a)
dSp ≡ H1,p−1 ≃ R1 ⊗ Sp−1, (10b)
AdSp ≡ Hp−1,1 ≃ Rp−1 ⊗ S1, (10c)
EAdSp(= Hp) ≡ Hp,0 ≃ Rp ⊗ Z2, (10d)
6With Sp ≃ H0,p, one may readily see that Eq.(7) reproduces the coset realizations of sphere: Sp ≃ SO(p +
1)/SO(p), S2p+1 ≃ SU(p+ 1)/SU(p), and S4p+3 ≃ Sp(p+ 1)/Sp(p).
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where Sp, dSp, AdSp and EAdSp denote p-dimensional sphere, de Sitter, anti-de Sitter and
Euclidean anti-de Sitter spaces, respectively. Note dS2 = AdS2(= H1,1). Sp (p > 2), dSp (p > 2),
and EAdSp are simply connected manifolds:
π1(S
p>2) ≃ π1(dSp>2) ≃ π1(EAdSp) ≃ 1. (11)
EAdSp denotes p-dimensional two-leaf hyperboloid. (Z2 in (10d) corresponds to the two-leaves.)
dSp is one-leaf hyperboloid. AdSp are connected but not simply connected:
π1(AdS
p) ≃ Z. (12)
As described in Introduction, the basemanifolds of the compact, non-compact, and hybrid
Hopf maps are respectively given by
Compact Split Hybrid
(1st) H0,2 = S2 H1,1 H2,0 = EAdS2
(2nd) H0,4 = S4 H2,2 H4,0 = EAdS4
(3rd) H0,8 = S8 H4,4 H8,0 = EAdS8
The hybrid Hopf maps represent trivial fibration, since the basemanifolds, H2,0, H4,0 and H8,0,
are two-leaf hyperboloids. The symmetry groups of the basemanifolds are
Compact Split Hybrid
(1st) SO(3) SO(2, 1) SO(1, 2)
(2nd) SO(5) SO(3, 2) SO(1, 4)
(3rd) SO(9) SO(5, 4) SO(1, 8)
The symmetry groups of 1st and 2nd Hopf maps are compactly restated by quaternion and split-
quaternion groups:
Compact Split Hybrid
(1st) U(1;H) U(1;H′) U(1;H′)
(2nd) U(2;H) U(2;H′) ≃ U(1, 1;H′) U(1, 1;H)
Here, H and H′ respectively denote quaternion and split-quaternion. Note that U(p, q;H) and
U(p, q;H′) (p + q ≤ 2) all appear in this table. See also Eqs.(25) and (26).
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2.2 Cousins of quaternions and symplectic groups
Quaternions and their cousins (1, q1, q2, q3) are defined so as to satisfy
qiqj = −qjqi (i 6= j), q1q2q3 = −1, (13)
and
(q1)
2 = ǫ1, (q2)
2 = ǫ2, (q3)
2 = ǫ3, (14)
where each of ǫ1, ǫ2 and ǫ3 takes either +1 or −1. Then, there are four types of quaternions:
• Quaternions [61]: all of ǫ1, ǫ2, ǫ3 in (14) are −1.
• “Hybrid” quaternions 7 : two of ǫ1, ǫ2, ǫ3 are −1 and the remaining is +1 .
• Split quaternions [62]: two of ǫ1, ǫ2, ǫ3 are +1 and the remaining is −1.
• Hyperbolic quaternions [63]: all of ǫ1, ǫ2, ǫ3 are +1.
q1, q2 and q3 are generalization of imaginary unit and called imaginary quaternions, and their
conjugation is given by
q1
∗ = −q1, q2∗ = −q2, q3∗ = −q3. (15)
With four real parameters, r0, r1, r2, r3, an arbitrary quaternion number is constructed as
q = r0 + r1q1 + r2q2 + r3q3. (16)
Similarly, arbitrary hybrid, split and hyperbolic quaternions are respectively constructed by re-
placing qi (i = 1, 2, 3) in (16) with hybrid, split and hyperbolic imaginary quaternions. The
conjugate of q is given by
q∗ = r0 − r1q1 − r2q2 − r3q3, (17)
and q∗q is derived as
q∗q = qq∗ = r0
2 − ǫ1r12 − ǫ2r22 − ǫ3r32, (18)
with ǫ1, ǫ2, ǫ3 (14). Thus, for quaternions, (18) provides the inner product in Euclidean space.
Similarly, (18) respectively yields the inner product in split (signature) space for split quater-
nions, and Lorentzian (signature) space for both hybrid and hyperbolic quaternions. It may be
worthwhile to write down the algebra of four-types of quaternions explicitly:
• Quaternions:
(q1)
2 = (q2)
2 = (q3)
2 = −1,
q1q2 = −q2q1 = q3, q2q3 = −q3q2 = q1, q3q1 = −q1q3 = q2. (19)
7The author does not know how this type of quaternions is called in literature. In this paper, we call this type
of quaternions hybrid quaternions, since they are related to the hybrid Hopf maps. The hybrid quaternions do not
respect associativity like hyperbolic quaternions. However, in both cases, q1q2q3 in (13) is defined to be independent
on the associative order, i.e. (q1q2)q3 = q1(q2q3).
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• Hybrid quaternions:
(q1)
2 = +1, (q2)
2 = (q3)
2 = −1,
q1q2 = −q2q1 = q3, q2q3 = −q3q2 = −q1, q3q1 = −q1q3 = q2. (20)
• Split quaternions:
(q1)
2 = (q2)
2 = +1, (q3)
2 = −1,
q1q2 = −q2q1 = q3, q2q3 = −q3q2 = −q1, q3q1 = −q1q3 = −q2. (21)
• Hyperbolic quaternions:
(q1)
2 = (q2)
2 = (q3)
2 = +1,
q1q2 = −q2q1 = −q3, q2q3 = −q3q2 = −q1, q3q1 = −q1q3 = −q2. (22)
One may find that in either type of quaternions, q1q2q3 = (q1q2)q3 = q1(q2q3) = −1 (13) holds.
Replacing the imaginary unit of the Pauli matrices with imaginary quaternions, we have
σ2 =
(
0 −i
i 0
)
, σ1 =
(
0 1
1 0
)
, σ3 =
(
1 0
0 −1
)
→ γ1 =
(
0 −q1
q1 0
)
, γ2 =
(
0 −q2
q2 0
)
, γ3 =
(
0 −q3
q3 0
)
, γ4 =
(
0 1
1 0
)
, γ5 =
(
1 0
0 −1
)
.
(23)
They satisfy the anti-commutation relations of SO(5) gamma matrices, {γa, γb} = 2ηab, with
ηab = diag(+,+,+,+,+). When we adopt the hybrid, split, and hyperbolic quaternions instead
of quaternions in (23), γa satisfy the anti-commutation relations with ηab = diag(−,+,+,+,+),
ηab = diag(−,−,+,+,+) and ηab = diag(−,−,−,+,+), respectively. Thus, we obtain SO(4, 1),
SO(3, 2) and SO(2, 3), gamma matrices for hybrid, split and hyperbolic quaternions, respectively:
• Quaternions → SO(5) gamma matrices
• Hybrid quaternions → SO(4, 1) gamma matrices
• Split quaternions → SO(3, 2) gamma matrices
• Hyperbolic quaternions → SO(2, 3) gamma matrices
The SO(5) and SO(3, 2) gamma matrices are crucial in constructing the 2nd compact [64] and
split Hopf maps [45]. Then, one may expect that SO(4, 1) gamma matrices play a similar role in
constructing the 2nd hybrid Hopf map 8. This expectation turns out to be true in Section 4.3.
Note, however, there is a crucial difference: hybrid quaternions (and also hyperbolic quaternions)
8Meanwhile, since the SO(2, 3) gamma matrices of hyperbolic quaternions are equivalent to SO(3, 2) gamma
matrices of split quaternions up to imaginary unit, we do not consider the SO(2, 3) case.
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do not respect associativity unlike quaternions and split-quaternions, and hence hybrid quaternions
cannot be realized by matrices9. For instance, from (20) we find a non-associative relation:
(q1q1)q2 6= q1(q1q2). (24)
The left-hand side is (q1q1)q2 = (+1)q2 = q2, while the right-hand side is q1(q1q2) = q1q3 =
−q2. Thus, among the cousins of quaternions, only the original and split-quaternions satisfy
associative algebras, and their groups are consistently defined. Low dimensional quaternion and
split-quaternions groups, U(p, q;H) and U(p, q;H′) (p+ q ≤ 2), are all exhausted as
U(1;H) ≡ Sp(1) ≃ USp(2) ≃ SU(2) ≃ SO(3), (25a)
U(1;H′) ≃ Sp(2;R) ≃ SU(1, 1) ≃ SO(2, 1) ≃ SO(1, 2), (25b)
and
U(2;H) ≡ Sp(2) ≃ USp(4) ≃ SO(5), (26a)
U(2;H′) ≃ U(1, 1;H′) ≃ Sp(4;R) ≃ SO(3, 2) ≃ SO(2, 3), (26b)
U(1, 1;H) ≡ Sp(1, 1) ≃ USp(2, 2) ≃ SO(4, 1) ≃ SO(1, 4). (26c)
Note that SO(5), SO(3, 2) and SO(4, 1) structures naturally appear in U(p, q;H) and U(p, q;H′)
for p + q = 2 (26). Low dimensional unitary groups of quaternion and split-quaternions provide
basic examples of indefinite orthogonal groups.
2.3 Indefinite gamma matrices
Here, we introduce general indefinite orthogonal groups and their gamma matrices. In indefinite
orthogonal groups, finite dimensional representation of their gamma matrices is generally given
by non-hermitian matrix. Multiplied by a suitable matrix, non-hermitian gamma matrices are
transformed to hermitian matrices. We mainly discuss such “hermitianization” of gamma matrices
of indefinite orthogonal groups, which will play a crucial role in explicit construction of the non-
compact Hopf maps. For detail properties of indefinite gamma matrices, readers may consult
Ref.[65].
2.3.1 SO(p, q) gamma matrices (p+ q : even)
First, we consider even dimensional space-times:
p+ q : even, (27)
where SO(p, q) gamma matrices, γµ (µ = 1, 2, · · · , p+ q), satisfy
{γµ, γν} = 2ηµν , (28)
9It is well known that the quaternions are represented by (imaginary unit times) SU(2) Pauli matrices, and
similarly the split-quaternions are by (imaginary unit times) SU(1, 1) Pauli matrices (see Section 3.1).
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with
ηµν = diag(
p︷ ︸︸ ︷
+,+, · · · ,+,
q︷ ︸︸ ︷
−,−, · · · ,−). (29)
Since (γµ)2 = +1, γµ (µ = 1, 2, · · · , p) may be taken as hermitian matrices. On the other hand,
since (γµ)2 = −1, γµ (µ = p + 1, p + 2, · · · , p + q) may be taken as anti-hermitian matrices [65].
Thus, the SO(p, q) gamma matrices are classified into hermitian and anti-hermitian matrices. We
have two different (hermitian and anti-hermitian) matrices that hermitianize the gamma matrices.
One hermitianizing matrix is constructed by multiplying all of the anti-hermitian gamma matrices
k = (i)
1
2
q(q−1)γp+1γp+2 · · · γp+q, (30)
and the other is by multiplying the remaining all hermitian gamma matrices10
k′ = (i)
1
2
p(p+1)+1γ1γ2 · · · γp. (31)
With (28), it is straightforward to show that kγµ and k′γµ are indeed hermitian
(kγµ)† = kγµ, (32a)
(k′γµ)† = k′γµ. (32b)
Thus, all of the gamma matrices of SO(p, q) are hermitianized multiplied by either of k and k′.
Hermitian conjugates of k and k′ are respectively given by
k† = (−1)qk, (33a)
k′
†
= (−1)q+1k′. (33b)
Therefore, in the case (p, q)=(even,even)11, k and k′ are hermitian and anti-hermitian matrices,
respectively. On the other hand, in the case (p, q)=(odd,odd), k and k′ are anti-hermitian and
hermitian matrices, respectively.
The SO(p, q) generators are constructed by
σµν = −i1
4
[γµ, γν ], (34)
and they satisfy
(kσµν)† = (−1)qkσµν , (35a)
(k′σµν)† = (−1)q+1k′σµν . (35b)
Therefore, when (p, q)=(even,even), γµ and σµν are simultaneously hermitianized only by k. Mean-
while, when (p, q)=(odd,odd), γµ and σµν are simultaneously hermitianized only by k′.
10k′ corresponds to A matrix in Ref.[65] up to a proportional factor.
11Remember p+ q is even.
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2.3.2 SO(l,m) gamma matrices (l +m : odd) from SO(p, q) (p+ q : even)
Next, we consider odd dimensional space-times:
l +m : odd. (36)
As is well known, SO(l,m) (l+m : odd) gamma matrices can be “constructed” by SO(p, q) (p+ q
: even) gamma matrices.
• In the case of SO(l,m) = SO(p+ 1, q)
The SO(p+ 1, q) gamma matrices γa (a = 1, 2, · · · , p+ q + 1) satisfy
{γa, γb} = 2ηab, (37)
with
ηab = diag(
p︷ ︸︸ ︷
+,+, · · · ,+,
q︷ ︸︸ ︷−,−, · · · ,−,+). (38)
γa consist of the SO(p, q) gamma matrices γµ (µ = 1, 2, · · · , p+ q) and
γp+q+1 ≡ (i) 12 (p−q)γ1γ2 · · · γp+q. (39)
γp+q+1 is a hermitian matrix that satisfies (γp+q+1)2 = 1. With k (30), γa = (γµ, γp+q+1) are
hermitianized as
(kγa)† = kγa. (40)
Notice that unlike k, k′ does not hermitianize all of the SO(p + 1, q) gamma matrices: k′γµ are
hermitian (as stated above) but k′γp+q+1 is anti-hermitian. Then, all of the gamma matrices of
SO(p+1, q) can be hermitian multiplied only by k. Similarly, it can be shown that the SO(p+1, q)
generators
σab = −i1
4
[γa, γb] (41)
satisfy
(kσab)† = (−1)qkσab. (42)
• In the case of SO(l,m) = SO(p, q + 1)
The SO(p, q + 1) gamma matrices γa (a = 1, 2, · · · , p+ q + 1) satisfy
{γa, γb} = 2ηab, (43)
with
ηab = diag(
p︷ ︸︸ ︷
+,+, · · · ,+,
q︷ ︸︸ ︷
−,−, · · · ,−,−). (44)
γa (a = 1, 2, · · · , p+q+1) are explicitly given by the SO(p, q) gamma matrices γµ (µ = 1, 2, · · · , p+
q) and
γ˜p+q+1 ≡ (i) 12 (p−q)+1γ1γ2 · · · γp+q. (45)
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γ˜p+q+1 is an anti-hermitian matrix that satisfies (γ˜p+q+1)2 = −1. With k′ (31), all of γa =
(γµ, γ˜p+q+1) are hermitianized :
(k′γa)† = k′γa. (46)
Notice that k does not hermitianize all of the SO(p, q+1) gamma matrices: kγµ are hermitian (as
stated above) but kγ˜p+q+1 is anti-hermitian. Consequently, the gamma matrices of SO(p, q + 1)
are hermitianized only by k′. Similarly, SO(p, q + 1) generators
σab = −i1
4
[γa, γb] (47)
satisfy
(k′σab)† = (−1)q+1k′σab. (48)
2.3.3 Consistency
The SO(l,m) gamma matrices (l+m: odd) are constructed either by SO(l−1,m) or SO(l,m−1)
gamma matrices by the methods stated above. Then, there exist two superficially different ways
for the construction of SO(l,m) (l +m: odd) gamma matrices. We discuss consistency of such
two methods.
• SO(l,m) = SO(odd, even)
The gamma matrices of SO(l,m) (l,m) =(odd, even) constructed from those of SO(l − 1,m)
become hermitian (40) multiplied by k. Since (p, q) = (l − 1,m)=(even, even), k is hermitian in
the present case. Meanwhile, the gamma matrices of SO(l,m) (l,m) =(odd, even) constructed
from those of SO(l,m − 1) are hermitianized (46) by k′. k′ is also hermitian, since (p, q) =
(l,m − 1)=(odd, odd). Thus, in either case, we reach the same conclusion: hermitianization
of SO(odd, even) gamma matrices is performed by the hermitian matrix 12. Consequently, for
instance, SO(1, 2), SO(1, 4), SO(3, 2) gamma matrices respectively become hermitian matrices
multiplied by their corresponding hermitian matrices.
• SO(m, l) = SO(even, odd)
Since the overall signs of metrics of SO(m, l) and SO(l,m) are interchanged, their gamma
matrices are equal up to the overall imaginary unit. Therefore, their hermitianizing matrices are
also equal up to the overall imaginary unit. As discussed above, the SO(odd,even) gamma matrices
are hermitianized by a hermitian matrix. Therefore, the hermitianizing matrix of SO(even,odd)
gamma matrices is given by an anti-hermitian matrix13. For instance, SO(2, 1), SO(4, 1), SO(2, 3)
gamma matrices respectively become hermitian multiplied by their corresponding anti-hermitian
matrices.
12The corresponding SO(odd,even) generators also become hermitian matrices multiplied by the same hermitian
matrix.
13The corresponding SO(even,odd) generators also become anti-hermitian matrices multiplied by the same anti-
hermitian matrix
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2.3.4 Relations between SO(1, 2p) and SO(2p + 1) gamma matrices
The SO(1, 2p) gamma matrices consist of SO(0, 2p) gamma matrices, γ1, γ2, · · · , γ2p, and γ2p+1:
γ2p+1 ≡ (−i)pγ1γ2 · · · γ2p. (49)
Here, we substituted (p, q) with (0, 2p) in (39) to derive (49). Their hermitianizing matrix is given
by (30)
k = ip(2p−1)γ1γ2 · · · γ2p = (−1)pγ2p+1, (50)
which is hermitian. The hermitianized SO(1, 2p) gamma matrices are kγ1, kγ2, · · · , kγ2p, kγ2p+1
where the last one is proportional to the unit matrix: kγ2p+1 = (−1)p1. From anti-commutativity
between k and γa, i.e. kγa = −γak, we can see that the hermitianized SO(0, 2p) gamma matrices
kγ1, kγ2, · · · , kγ2p and the matrix k (50) amount to SO(2p + 1) gamma matrices. This unique
relation between SO(1, 2p) and SO(2p + 1) underlies relations between the compact and hybrid
Hopf maps as we shall discuss in Section 3.1.
3 Non-compact 1st Hopf Map and Fuzzy Two-Hyperboloid
In this section, we introduce the non-compact 1st Hopf map (Section 3.1) and the corresponding
fuzzy two-hyperboloid H2,0F (Section 3.2), mainly based on Refs.[40, 45]
14.
3.1 Non-compact 1st Hopf map: H2,0 ≃ H2,1/S1
The 1st non-compact Hopf map is given by
H2,1
S1−→ H2,0, (51)
which can be rewritten as the following form more familiar to physicists,
AdS3
U(1)−→ EAdS2. (52)
Here, EAdS2 = H2,0 is a two-leaf hyperboloid whose symmetry group is SO(1, 2). The gamma
matrices of the SO(1, 2) group, τ i (i = 1, 2, 3), satisfy the following anti-commutation relations
{τ i, τ j} = 2ηij , (53)
with ηij = diag(−,−,+). Note SO(1, 2) ≃ SU(1, 1), and τ i are given by the SU(1, 1) “Pauli
matrices”:
τ1 = iσ2, τ2 = −iσ1, τ3 = σ3. (54)
They satisfy the commutation relations
[τ i, τ j ] = −2iǫijkτk, (55)
14The split 1st Hopf map, H2,1
H1,0
−→ H1,1, cannot be realized by using the usual imaginary unit [45]. To realize the
split 1st Hopf map, we need to utilize the split-imaginary unit, and such construction will be discussed in Appendix
B.
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where ǫijk is 3 rank antisymmetric tensor with ǫ123 = 1. With use of SO(0, 2) gamma matrices
τ1, τ2, the hermitianizing matrix (50) is constructed as
κ = iτ1τ2 = σ3, (56)
and the hermitianized gamma matrices are
κi ≡ σ3τ i = (σ1, σ2, 1). (57)
With an SO(1, 2) Dirac spinor φ subject to a “normalization” constraint φ†σ3φ = 1, the 1st
non-compact Hopf map is given by
φ→ xi = φ†κiφ, (58)
and xi in (58) automatically satisfy the condition of H2,0:
ηijx
ixj = −x2 − y2 + z2 = (φ†σ3φ)2 = 1, (59)
where x = x1, y = x2, z = x3. Thus, xi (58) are regarded as coordinates on two-leaf hyperboloid.
In particular, since z = φ†φ ≥ 0, the present construction corresponds to the upper leaf of two-leaf
hyperboloid.
Here, we also mention the “derivation” of the hybrid Hopf map from the compact Hopf map.
The original 1st Hopf map is given by
φ → xi = φ†σiφ, (60)
where φ is subject to φ†φ = 1. xi automatically satisfy the condition of S2:
x2 + y2 + z2 = (φ†φ)2 = 1. (61)
As mentioned in Section 2.3.4, there is a unique relation between SO(2p+1) and SO(1, 2p) gamma
matrices. In the present case p = 1, κ = σ3 and (κ1, κ2) = (σ1, σ2) amount to the SO(3) gamma
matrices. With (60), the compact Hopf map (61) can be restated as
(φ†κ1φ)2 + (φ†κ2φ)2 + (φ†κφ)2 = (φ†φ)2. (62)
Interchanging the right-hand side and the last term on the left-hand side in (62), we have
−(φ†κ1φ)2 − (φ†κ2φ)2 + (φ†φ)2 = (φ†κφ)2, (63)
which is exactly equal to the relation (59). Thus, one can “derive” the non-compact 1st Hopf map
from the compact Hopf map. Similarly, the 2nd and 3rd hybrid Hopf maps can also be obtained
by their corresponding compact 2nd and 3rd Hopf maps from the relations of gamma matrices
discussed in Section 2.3.4.
3.2 Fuzzy two-hyperboloid: H2,0F
We argue the Schwinger operator formulation of fuzzy two-hyperboloid with emphasis on its
relation to the non-compact 1st Hopf map.
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3.2.1 Finite dimensional non-unitary representation
By replacing φ with the Schwinger operator Φ in (60), the coordinates on fuzzy two-hyperboloid
are constructed as [40]
Xi = Φ†κiΦ. (64)
Xi are hermitian operators. For Xi to satisfy the SU(1, 1) algebra
[Xi,Xj ] = −2iǫijkXk, (65)
the components of Schwinger operator should satisfy generalized creation and annihilation rela-
tions:
[Φα,Φ
†
β ] = (σ
3)αβ , [Φα,Φβ] = [Φ
†
α,Φ
†
β] = 0. (66)
Note that Φ2 and Φ
†
2 obey an unusual commutation relation, [Φ2,Φ
†
2] = −1. From (64) and (66),
square of the radius of fuzzy two-hyperboloid is derived as
ηijX
iXj = −X2 − Y 2 + Z2 = (Φ†σ3Φ)(Φ†σ3Φ+ 2). (67)
The eigenvalues of (67) are given by
ηijX
iXj = n(n+ 2), (68)
with
Φ†σ3Φ = n1 + n2 ≡ n, (69)
(n1 and n2 are non-negative integers) and the eigenstates are
|n1, n2〉 = 1√
n1!n2!
(Φ†1)
n1(Φ†2)
n2 |0〉, (70)
with |0〉 that satisfies Φ1|0〉 = Φ2|0〉 = 0. Here, we used that
Φ†1Φ1|n1, n2〉 = n1|n1, n2〉, (71a)
Φ†2Φ2|n1, n2〉 = −n2|n1, n2〉. (71b)
Note the minus sign in front of the right-hand side of (71b): Physically, such minus sign indicates
that |0〉 is an “unstable” vacuum for the 2nd oscillator mode, since |0〉 corresponds to the highest
“energy” state. From (71), one finds that X3 takes the eigenvalues
X3 = Φ†1Φ1 +Φ
†
2Φ2 = n1 − n2 = n, n− 2, n − 4, · · · ,−n. (72)
These spectra are same as those of fuzzy two-sphere.
Dual state of (70)
〈n1, n2| = 1√
n1!n2!
〈0|Φn11 Φn22 , (73)
yields negative norm for odd n2: 〈n1, n2|n′1, n′2〉 = (−1)n2δn1n′1δn2n′2 . More suitable dual state may
be given by
〈〈n1, n2| = 1√
n1!n2!
〈0|(Φ1)n1(Φ2)n2 = (−1)n2〈n1, n2|, (74)
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where Φα ≡ (σ3)αβΦβ, i.e. (Φ1,Φ2) = (Φ1,−Φ2). (74) satisfies 〈〈n1, n2|n′1, n′2〉 = δn1n′1δn2n′2 .
Such non-unitary construction of fuzzy hyperboloid is a straightforward generalization of that
of fuzzy sphere, and readily applicable to represent states on fuzzy hyperboloids in arbitrary higher
dimensions [44]. However, such non-hermitian construction is rather counterintuitive, since in the
large n limit, the spectra (72) do not reduce to the values of the 3rd coordinate of the classical
upper leaf (or lower-leaf) hyperboloid, i.e. x3 ≥ n (or x3 ≤ −n).
3.2.2 Infinite dimensional unitary representation
The above mentioned “problem” of the non-unitary construction of fuzzy hyperboloid is amended
by adopting infinite dimensional unitary representation. Unitary representation can readily be
obtained by a redefinition of the creation and annihilation Schwinger operators. We interchange Φ2
and Φ†2 for the components of the Schwinger operator to satisfy the usual commutation relations:
[Φα,Φ
†
β] = δαβ , [Φα,Φβ] = [Φ
†
α,Φ
†
β] = 0. (75)
With the new Schwinger operators, Xi (64) are represented as
X1 = Φ†1Φ
†
2 +Φ2Φ1, (76a)
X2 = −iΦ†1Φ†2 + iΦ2Φ1, (76b)
X3 = Φ†1Φ1 +Φ2Φ
†
2 = Φ
†
1Φ1 +Φ
†
2Φ2 + 1. (76c)
These are still hermitian operators, but X1 and X2 (that are originally constructed by anti-
hermitian gamma matrices) become particle-number non-conserving operators. One may readily
check that (76) indeed satisfy the SU(1, 1) commutation relations under (75). The radius of the
fuzzy hyperboloid (67) is now written as
ηijX
iXj = (Φ†σ3Φ− 1)(Φ†σ3Φ+ 1), (77)
and the simultaneous eigenstates of (77) and (76c) are
|n1, n2) = 1√
n1!n2!
(Φ†1)
n1(Φ†2)
n2 |vac〉, (78)
with non-negative integers, n1, n2, and eigenvalues
ηijX
iXj = (n1 − n2)2 − 1, (79a)
X3 = n1 + n2 + 1. (79b)
Here, |vac〉 is the true vacuum of the newly defined Schwinger operator Φ1,2:
Φ1|vac〉 = Φ2|vac〉 = 0, (80)
and the dual state of (78) is obtained as
(n1, n2| = 1√
n1!n2!
〈vac|(Φ1)n1(Φ2)n2 , (81)
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which always yields positive norm: (n1, n2|n′1, n′2) = δn1n′1δn2n′2 .
Since ηijX
iXj indicates square of the radius of fuzzy hyperboloid, it should have positive
eigenvalues. By the interchange symmetry between Φ1 and Φ2 in (76), we can take n1 ≥ n2 in
(78) without loss of generality. Instead of n1 and n2, we introduce new parameters n and l,
n ≡ n1 − n2 ≥ 0, (82a)
l ≡ n2 ≥ 0. (82b)
The spectra of (79) are rewritten as
ηijX
iXj = n2 − 1, (83a)
X3 = n+ 1 + 2l = n+ 1, n + 3, n + 5, n+ 7, · · · . (83b)
Here, n and l (82) indicate the radius of hyperboloid and the 3rd coordinate on the upper
hyperboloid, respectively. In the large n limit, the radius of fuzzy hyperboloid behaves as ∼ n
and X3 is ≥ n. Thus in unitary representation, the spectra of fuzzy hyperboloid naturally reduce
to (the upper leaf of) the classical two-leaf hyperboloid. For the (semi-)positivity of square of the
radius in (83a), n should be taken as n ≥ 1. With n and l, (78) is represented as
|n, l) = 1√
(n+ l)!l!
(Φ†1)
n+l(Φ†2)
l|vac〉, (84)
which describes a state at X3 = n + 1 + 2l (l = 0, 1, 2, 3, · · · ) on the upper leaf of the fuzzy-
hyperboloid. In the language of the SU(1, 1) representation theory, the present unitary represen-
tation corresponds to the discrete series [66, 67] 15.
We have two kinds of two-dimensional hyperboloids, two-leaf hyperboloid H2,0 and one-leaf
hyperboloid H1,1 (AdS2). Either coordinates of their corresponding fuzzy manifolds satisfy the
SU(1, 1) algebra. Their difference is specified by choosing different unitary irreducible representa-
tions of SU(1, 1). For fuzzy H1,1, one has to adopt the principal series [31, 42], while for fuzzy H2,0
one has to adopt the discrete series. Thus, choice of unitary irreducible representation is crucial
in description of fuzzy manifold. It should also be mentioned that such distinction is lacking in
the non-unitary construction of fuzzy hyperboloid.
The relevant mathematical structures of 2D fuzzy sphere and fuzzy hyperboloids are summa-
rized in Table 1.
4 Non-compact 2nd Hopf Maps and Fuzzy Four-Hyperboloids
In this section, we argue a construction of four-dimensional fuzzy hyperboloids based on non-
compact 2nd Hopf maps. First, we introduce two types of non-compact 2nd Hopf maps, the split
15Detail correspondences to the SU(1, 1) representation theory in Refs.[66, 67] are as follows. In the discrete series,
the eigenvalues of the SU(1, 1) Casimir are given by ηijX
iXj = 4j(j − 1) with j = 1, 3/2, 2, · · · (j corresponds to k
in Refs.[66, 67]), and those of 1
2
X3 are µ = j, j+1, j+2, j+3, · · · . The identification to the notation of the present
paper is j = 1
2
(n + 1) and µ = 1
2
(n+ 1) + l (l = 0, 1, 2, · · · ). Such identification exactly reproduces (83) from the
known formulas of the SU(1, 1) representation theory.
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Symmetry Original manifold Hopf Map k matrix Enhanced Algebra Fuzzy Manifold
SO(3) S2 = H0,2 Compact Hermite SO(3) ≃ SU(2) S2F ≃ CP 1,0
SO(2, 1) dS2 = AdS2 = H1,1 Split Anti-hermite SO(1, 2) ≃ SU(1, 1) H1,1F ≃ C′P 0,1
SO(1, 2) EAdS2 = H2,0 Hybrid Hermite SO(2, 1) ≃ SU(1, 1) H2,0F ≃ CP 0,1
Table 1: Fuzzyfication of two-hyperboloids and related properties. See Appendix C for CP p,q and
C
′P p,q.
and hybrid types (Section 4.1 and 4.3). Corresponding to two types of non-compact Hopf maps,
we construct fuzzy H2,2 and fuzzy H4,0 (Section 4.2 and 4.4). Geometrical structures of the fuzzy
four-hyperboloids are also discussed (Section 4.5).
4.1 Split 2nd Hopf map: H2,2 ≃ H4,3/H2,1
In the explicit realization of the split Hopf map [45], the hermitianizing matrix for SO(3, 2) gamma
matrices plays a crucial role. The SO(3, 2) gamma matrices γa (a = 1, 2, 3, 4, 5) satisfy
{γa, γb} = 2ηab, (85)
with ηab = ηab = (ηij ,+,+) = diag(−,−,+,+,+). They are explicitly given by
γi = −τ i ⊗ σ2, γ4 = 1⊗ σ1, γ5 = γ1γ2γ3γ4 = 1⊗ σ3, (86)
or
γi =
(
0 iτ i
−iτ i 0
)
, γ4 =
(
0 1
1 0
)
, γ5 =
(
1 0
0 −1
)
, (87)
where τ i (i = 1, 2, 3) are the SU(1, 1) Pauli matrices (54). γ1 and γ2 are anti-hermitian while γ3,
γ4 and γ5 are hermitian. By the formula (30), SO(3, 2) hermitianizing matrix is constructed as
k = iγ4γ3 =
(
σ3 0
0 σ3
)
, (88)
and hermitianized “gamma” matrices are given by
ka = kγa, (89)
or
k1 =
(
0 iσ1
−iσ1 0
)
, k2 =
(
0 iσ2
−iσ2 0
)
, k3 =
(
0 i12
−i12 0
)
,
k4 =
(
0 σ3
σ3 0
)
, k5 =
(
σ3 0
0 −σ3
)
. (90)
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Coordinates on H4,3 are represented by a “normalized” SO(3, 2) Dirac spinor ψ (the SO(3, 2)
Hopf spinor) subject to the constraint
ψ†kψ = ψ∗1ψ1 − ψ∗2ψ2 + ψ∗3ψ3 − ψ∗4ψ4 = 1. (91)
With such ψ, the 2nd split Hopf map, H4,3
H2,1−→ H2,2, is realized as
ψ → xa = ψ†kaψ. (92)
It is easily checked that xa satisfy the condition of H2,2:
ηabx
axb = −x1x1 − x2x2 + x3x3 + x4x4 + x5x5 = (ψ†kψ)2 = 1. (93)
Commutators of γa provide the SO(3, 2) generators
γab = −i1
4
[γa, γb], (94)
or
γij = −1
2
ǫijk
(
τk 0
0 τk
)
, γi4 =
1
2
(
τ i 0
0 −τ i
)
,
γi5 = −1
2
(
0 τ i
τ i 0
)
, γ45 =
i
2
(
0 1
−1 0
)
, (95)
and they satisfy
[γab, γcd] = i(ηacγbd − ηadγbc + ηbdγac − ηbcγad). (96)
As easily checked, kγab are hermitian as well.
4.2 Fuzzy split four-hyperboloid: H2,2F
By replacing the SO(3, 2) Hopf spinor with a four-component Schwinger operator, we construct
fuzzy four-hyperboloid H2,2F .
4.2.1 Finite dimensional unitary representation
As a natural generalization of the SU(1, 1) Schwinger operator, we introduce the SO(3, 2) Schwinger
operator Φ = (Φ1,Φ2,Φ3,Φ4)
t whose components satisfy
[Φα,Φ
†
β] = (k)αβ , [Φα,Φβ] = [Φ
†
α,Φ
†
β] = 0, (97)
where k is the SO(3, 2) hermitianizing matrix (88). With Φ, coordinates on H2,2F are constructed
as
Xa = Φ†kaΦ. (98)
Square of the radius and the 5th coordinate of H2,2F are explicitly given by
ηabX
aXb = −X1X1 −X2X2 +X3X3 +X4X4 +X5X5 = (Φ†kΦ)(Φ†kΦ+ 4), (99a)
X5 = Φ†1Φ1 − Φ†2Φ2 − Φ†3Φ3 +Φ†4Φ4. (99b)
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Their simultaneous eigenstates are
|n1, n2, n3, n4〉 = 1√
n1!n2!n3!n4!
(Φ†1)
n1(Φ†2)
n2(Φ†3)
n3(Φ†4)
n4 |0〉, (100)
where n1, n2, n3, n4 are non-negative integers. Furthermore, |n1, n2, n3, n4〉 are simultaneous eigen-
states of four number operators made of the Schwinger operator:
Φ†1Φ1|n1, n2, n3, n4〉 = n1|n1, n2, n3, n4〉,
Φ†2Φ2|n1, n2, n3, n4〉 = −n2|n1, n2, n3, n4〉,
Φ†3Φ3|n1, n2, n3, n4〉 = n3|n1, n2, n3, n4〉,
Φ†4Φ4|n1, n2, n3, n4〉 = −n4|n1, n2, n3, n4〉. (101)
Hence, the eigenvalues of (99) are derived as
ηabX
aXb = n(n+ 4), (102a)
X5 = n1 + n2 − n3 − n4, (102b)
where
n ≡ n1 + n2 + n3 + n4. (103)
With a given n, square of the radius of H2,2F is fixed, and X
5 takes the following values:
X5 = n, n− 2, n − 4, n − 6, · · · ,−n. (104)
The spectra (102) coincide with those of the fuzzy four-sphere. The eigenstates (100) are still
degenerate for given n and X5, and such “internal structure” gives rise to symmetry enhancement
of fuzzy ultra-hyperboloids as we shall see later.
The dual state of (100) for positive inner product is given by
〈〈n1, n2, n3, n4| = 1√
n1!n2!n3!n4!
〈0|(Φ4)n4(Φ3)n3(Φ2)n2(Φ1)n4
= (−1)n2+n4 1√
n1!n2!n3!n4!
〈0|(Φ4)n4(Φ3)n3(Φ2)n2(Φ1)n4 , (105)
where Φα = (k)αβΦβ, i.e. (Φ
1,Φ2,Φ3,Φ4) = (Φ1,−Φ2,Φ3,−Φ4).
4.2.2 Infinite dimensional unitary representation
We redefine the Schwinger operator by the interchange, Φ2 ↔ Φ†2 and Φ4 ↔ Φ†4, for its components
to satisfy the usual commutation relations:
[Φα,Φ
†
β] = δαβ , [Φα,Φβ] = [Φ
†
α,Φ
†
β] = 0. (106)
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With such newly defined Schwinger operators, Xa (98) are rewritten as
X1 = iΦ†1Φ
†
4 + iΦ2Φ3 − iΦ1Φ4 − iΦ†2Φ†3,
X2 = Φ†1Φ
†
4 − Φ2Φ3 +Φ1Φ4 − Φ†2Φ†3,
X3 = iΦ†1Φ3 + iΦ
†
4Φ2 − iΦ†3Φ1 − iΦ†2Φ4,
X4 = Φ†1Φ3 − Φ†4Φ2 +Φ†3Φ1 − Φ†2Φ4,
X5 = Φ†1Φ1 − Φ2Φ†2 − Φ†3Φ3 +Φ4Φ†4 = Φ†1Φ1 − Φ†2Φ2 − Φ†3Φ3 +Φ†4Φ4. (107)
Notice that both X1 and X2 originally constructed by anti-hermitian gamma matrices become
particle-number non-conserving operators, and the others, X3, X4 and X5, are particle-number
conserving operators. From (107), a straightforward calculation shows
ηabX
aXb = (Φ†kΦ− 2)(Φ†kΦ+ 2). (108)
The simultaneous eigenstates of X5 (107) and (108) are given by16
|n1, n2, n3, n4) = 1√
n1!n2!n3!n4!
(Φ†1)
n1(Φ†2)
n2(Φ†3)
n3(Φ†4)
n4 |vac〉, (109)
with the eigenvalues
ηabX
aXb = (n− 2)(n + 2) = n2 − 4, (110a)
X5 = n1 − n2 + n3 − n4, (110b)
where n denotes the eigenvalues of Φ†kΦ:
n ≡ n1 − n2 − n3 + n4. (111)
For the semi-positive definiteness of square of the radius, n in (110a) should be taken as n ≥ 2.
With fixed n, X5 is given by
X5 = n+ 2(n3 − n4) = n+ 2∆n, (112)
where ∆n ≡ n3 − n4 = 0,±1,±2,±3, · · · . Since ∆n takes an arbitrary integer, the spectra of X5
range from −∞ to +∞ with interval 2.
The dual state of (109) is given by
(n1, n2, n3, n4| = 1√
n1!n2!n3!n4!
〈vac|(Φ4)n4(Φ3)n3(Φ2)n2(Φ1)n1 , (113)
which gives rise to positive norm:
(n1, n2, n3, n4|n′1, n′2, n′3, n′4) = δn1n′1δn2n′2δn3n′3δn4n′4 . (114)
16Details about the irreducible representation of the SO(3, 2) groups are found in Refs.[68, 69].
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4.3 Hybrid 2nd Hopf map: H4,0 ≃ H4,3/S3
Next, we construct the hybrid 2nd Hopf map. As suggested in Section 2.2, the SO(1, 4) gamma
matrices are crucial in constructing the hybrid 2nd Hopf map. The SO(1, 4) gamma matrices are
introduced so as to satisfy
{γa, γb} = 2ηab, (115)
with ηab = ηab = diag(−,−,−,−,+). Explicitly, the SO(1, 4) gamma matrices are given by
γ1 =
(
0 iσ1
iσ1 0
)
, γ2 =
(
0 iσ2
iσ2 0
)
, γ3 =
(
0 iσ3
iσ3 0
)
,
γ4 =
(
0 12
−12 0
)
, γ5 =
(
12 0
0 −12
)
, (116)
From (50), the SO(1, 4) hermitianizing matrix is constructed as
k = −γ1γ2γ3γ4 =
(
12 0
0 −12
)
= γ5. (117)
Notice that SO(1, 4) and SO(3, 2) hermitianizing matrices, (117) and (88), are unitary equivalent.
The hermitianized SO(1, 4) gamma matrices ka = kγa are derived as
k1 =
(
0 iσ1
−iσ1 0
)
, k2 =
(
0 iσ2
−iσ2 0
)
, k3 =
(
0 iσ3
−iσ3 0
)
,
k4 =
(
0 12
12 0
)
, k5 =
(
12 0
0 12
)
. (118)
With k, we introduce an SO(1, 4) Dirac spinor ψ subject to the “normalization” condition
ψ†kψ = ψ∗1ψ1 + ψ
∗
2ψ2 − ψ∗3ψ3 − ψ∗4ψ4 = 1, (119)
which geometrically represents H4,3. Since the hermitianizing matrices of SO(1, 4) and SO(3, 2)
are equivalent, the total manifolds of the split and hybrid 2nd Hopf maps are identically given by
H4,3. With ψ, the hybrid Hopf map is realized as
xa = ψ†kaψ, (120)
or
x1 = iψ∗1ψ4 + iψ
∗
2ψ3 − iψ∗3ψ2 − iψ∗4ψ1,
x2 = ψ∗1ψ4 − ψ∗2ψ3 − ψ∗3ψ2 + ψ∗4ψ1,
x3 = iψ∗1ψ3 − iψ∗2ψ4 − iψ∗3ψ1 + iψ∗4ψ2,
x4 = ψ∗1ψ3 + ψ
∗
2ψ4 + ψ
∗
3ψ1 + ψ
∗
4ψ2,
x5 = ψ∗1ψ1 + ψ
∗
2ψ2 + ψ
∗
3ψ3 + ψ
∗
4ψ4, (121)
which automatically satisfy the condition of two-leaf four-hyperboloid H4,0:
ηabx
axb = −x1x1 − x2x2 − x3x3 − x4x4 + x5x5 = (ψ†kψ)2 = 1. (122)
From (121), we find that x5 ≥ 0 and xa (121) are coordinates on the upper leaf of H4,0.
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4.4 Fuzzy two-leaf four-hyperboloid: H4,0F = EAdS
4
F
We explore the fuzzy version of H4,0.
4.4.1 Finite dimensional non-unitary representation
We introduce SO(1, 4) Schwinger operator Φ = (Φ1,Φ2,Φ3,Φ4)
t whose components satisfy
[Φα,Φ
†
β] = (k)αβ , [Φα,Φβ] = [Φ
†
α,Φ
†
β] = 0, (123)
where k is the SO(1, 4) hermitianizing matrix (117). Coordinates on H4,0F are constructed as
Xa = Φ†kaΦ, (124)
which provide
ηabX
aXb = −X1X1 −X2X2 −X3X3 −X4X4 +X5X5 = (Φ†kΦ)(Φ†kΦ+ 4), (125a)
X5 = Φ†1Φ1 +Φ
†
2Φ2 +Φ
†
3Φ3 +Φ
†
4Φ4. (125b)
Their simultaneous eigenstates are given by
|n1, n2, n3, n4〉 = 1√
n1!n2!n3!n4!
(Φ†1)
n1(Φ†2)
n2(Φ†3)
n3(Φ†4)
n4 |0〉, (126)
with the eigenvalues
ηabX
aXb = n(n+ 4), (127a)
X5 = n1 + n2 − n3 − n4. (127b)
Here, n ≡ n1+n2+n3+n4. (126) is also a simultaneous eigenstate of the four number operators
made of the Schwinger operator:
Φ†1Φ1|n1, n2, n3, n4〉 = n1|n1, n2, n3, n4〉,
Φ†2Φ2|n1, n2, n3, n4〉 = n2|n1, n2, n3, n4〉,
Φ†3Φ3|n1, n2, n3, n4〉 = −n3|n1, n2, n3, n4〉,
Φ†4Φ4|n1, n2, n3, n4〉 = −n4|n1, n2, n3, n4〉. (128)
Comparing to the non-unitary representation of H2,2F (Section 4.2.1), one may find that the spectra
of SO(1, 4) (128) and SO(3, 2) Schwinger operators (101) are identical by the interchange, n2 ↔
n3. Thus, H
2,2
F and H
4,0
F are not “distinguished” only by their non-unitary representation
17.
17The non-unitary representation (126) is naturally regarded as fully symmetric representation of SU(2, 2). Also,
k (117) is the SU(2, 2) invariant matrix. This suggests that the enhanced symmetry of H4,0F is SU(2, 2). We will
revisit this in Section 4.5.
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4.4.2 Infinite dimensional unitary representation
By the replacement Φ3 ↔ Φ†3 and Φ4 ↔ Φ†4, we can define new creation and annihilation operators
that satisfy the usual commutation relations:
[Φα,Φ
†
β] = δαβ , [Φα,Φβ] = [Φ
†
α,Φ
†
β] = 0. (129)
With the newly defined Schwinger operator, the fuzzy coordinates on H4,0F are represented as
X1 = iΦ†1Φ
†
4 + iΦ
†
2Φ
†
3 − iΦ1Φ4 − iΦ2Φ3,
X2 = Φ†1Φ
†
4 − Φ†2Φ†3 +Φ1Φ4 − Φ2Φ3,
X3 = iΦ†1Φ
†
3 − iΦ†2Φ†4 − iΦ1Φ3 + iΦ2Φ4,
X4 = Φ†1Φ
†
3 +Φ
†
2Φ
†
4 +Φ1Φ3 +Φ2Φ4,
X5 = Φ†1Φ1 +Φ
†
2Φ2 +Φ3Φ
†
3 +Φ4Φ
†
4. (130)
Again, the fuzzy coordinates X1, X2, X3 and X4 originally constructed by anti-hermitian gamma
matrices become particle-number non-conserving operators. From (130), we have
ηabX
aXb = −X1X1 −X2X2 −X3X3 +X4X4 +X5X5 = (Φ†kΦ− 2)(Φ†kΦ+ 2), (131a)
X5 = Φ†1Φ1 +Φ
†
2Φ2 +Φ
†
3Φ3 +Φ
†
4Φ4 + 2. (131b)
Their simultaneous eigenstates are
|n1, n2, n3, n4) = 1√
n1!n2!n3!n4!
(Φ†1)
n1(Φ†2)
n2(Φ†3)
n3(Φ†4)
n4 |vac〉, (132)
where n1, n2, n3, n4 are non-negative integers and |vac〉 is defined as Φ1|vac〉 = Φ2|vac〉 = Φ3|vac〉 =
Φ4|vac〉 = 0. The eigenvalues are given by
ηabX
aXb = (n− 2)(n + 2) = n2 − 4, (133a)
X5 = n1 + n2 + n3 + n4 + 2, (133b)
with
n ≡ n1 + n2 − n3 − n4. (134)
For (semi-)positive definiteness of square of the radius, n in (133a) should be taken as n ≥ 2.
With a given n, the spectra of X5 read as
X5 = n+ 2 + 2(n3 + n4) = n+ 2, n+ 4, n+ 6, · · · . (135)
Note that the range of the spectra of X5 (135) is different from that of H2,2F (112). This is
consistent with the fact that H4,0F corresponds to fuzzyfication (of the upper leaf) of two-leaf four-
hyperboloid and H2,2F corresponds to another four-fuzzy hyperboloid. In the language of SO(1, 4)
representation theory, the present unitary representation of H4,0F corresponds to the discrete series
of SO(1, 4) 18 .
18With use of Xa (130), the SO(1, 4) generators are constructed as
Xab ≡ −i
1
4
[Xa, Xb], (136)
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Similar to H4,0, the isometry of H1,3(= dS4) is given by SO(1, 4). Fuzzyfication of H4,0 is
realized by adopting the discrete series of SO(1, 4), while fuzzyfication of H1,3(= dS4) is by the
principal series [42, 43] 19. (This is a higher dimensional analogue of the relations between H2,0F
and H1,1F mentioned in the last paragraph of Section 3.2.2.)
4.5 Enhanced Symmetry
So far, everything is parallel between fuzzy two- and four-hyperboloids, except for the extra
degeneracy of states in 4D case. Such “extra” degrees of freedom reflect symmetry enhancement
particular to higher dimensional fuzzy hyperboloid.
4.5.1 Enhanced algebra and internal structure
Unlike fuzzy two-hyperboloid, the coordinates Xa on fuzzy four-hyperboloid do not satisfy a closed
algebra by themselves. (In the following, we treat H2,2F and H
4,0
F in a unified way : For H
2,2
F , η
ab
are taken as the SO(3, 2) metric, while for H4,0, the SO(1, 4) metric.) The commutators of Xa
yield “new” operators Xab;
[Xa,Xb] = 4iXab. (139)
Together with Xab, Xa satisfy the closed algebra
[Xab,Xc] = i
1
2
(ηacXb − ηbcXa),
[Xab,Xcd] = i(ηacXbd − ηadXbc + ηbdXac − ηbcXad), (140)
where
Xab = −i1
4
[Xa,Xb] = Φ†kγabΦ, (141)
with 20
γab = −i1
4
[γa, γb]. (144)
and the SO(1, 4) quadratic Casimir is given by∑
a<b
XabX
ab =
1
2
(Φ†kΦ+ 2)(Φ†kΦ− 2) =
1
2
(n+ 2)(n− 2). (137)
In the Dixmier notation[70], with SO(1, 4) generators Lab, the quadratic Casimir and its eigenvalues are generally
given by
C2 =
∑
a<b
LabL
ab = p(p+ 1) + (q + 1)(q − 2). (138)
The eigenvalues of the unitary representation of (137) are realized as the discrete series by the choice of p = q = n
2
in (138). See Refs.[43, 70, 71, 72, 73] for more details about the representation theory of SO(1, 4).
19Different from the present work, in Refs.[42, 43] SO(1, 4) quartic Casimir made of Pauli-Lubanski vectors
was adopted to define fuzzy dS4. Such fuzzy dS4 construction provides another natural generalization of fuzzy
hyperboloid.
20γab (144) satisfy
[γab, γc] = i(ηacγb − ηbcγa),
[γab, γcd] = i(ηacγbd − ηadγbc + ηbdγac − ηbcγad). (142)
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Define XAB (A,B = 1, 2, · · · , 6) as
XAB ≡ Xa for (A,B) = (6, a),
XAB ≡ Xab for (A,B) = (a, b). (145)
The above algebras, (139) and (140), are concisely rewritten as
[XAB ,XCD] = i(ηACXBD − ηADXBC + ηBDXAC − ηBCXAD), (146)
where ηAB denotes SO(4, 2) or SO(2, 4) metric corresponding to H2,2F or H
4,0
F
21. In either
cases, XAB satisfy the SU(2, 2)(≃ SO(4, 2) ≃ SO(2, 4)) algebra. Thus, the total algebras that
correspond to H2,2F and H
4,0
F are identically given by SU(2, 2). This is a non-compact counterpart
[32] of the enhanced SU(4) algebra of fuzzy four-sphere [7, 11, 12]:
Fuzzy manifold S4F H
4,0
F H
2,2
F
Original algebra SO(5) SO(1, 4) SO(3, 2)
Enhanced algebra SO(6) ≃ SU(4) SO(2, 4) ≃ SU(2, 2) SO(4, 2) ≃ SU(2, 2)
Thus, the total fuzzy coordinates of fuzzy four-hyperboloid may be considered as Xa and Xab.
Existence of Xab suggests “internal structure” of fuzzy four-hyperboloid. With a fixed latitude of
X5, the remaining Xµ (µ = 1, 2, 3, 4) construct Xµν = −i14 [Xµ,Xν ] (µ, ν = 1, 2, 3, 4) that satisfy
SO(2, 2) or SO(4) algebra for H2,2F or H
4,0
F . Notice that both of these are semi-simple algebras, i.e.
so(2, 2) ≃ su(1, 1)⊕su(1, 1) and so(4) ≃ su(2)⊕su(2). Since SU(1, 1) and SU(2) are the algebras
to define H2,0F and S
2
F respectively, such algebraic decomposition implies that at a fixed latitude
on fuzzy four hyperboloid, there exists “fuzzy bundle” made of two fuzzy two-hyperboloids for
H2,2F , and two fuzzy two-spheres for H
4,0
F . Indeed, the fuzzy four-hyperboloids have the following
geometries
H2,2F (n)|X5 ∼ H2,0F
(
n+X5
2
)
⊕H2,0F
(
n−X5
2
)
, (147)
and
H4,0F (n)|X5 ∼ S2F
(
n+X5
2
)
⊕ S2F
(
n−X5
2
)
, (148)
where H2,0F (n) and S
2
F (n) denote the fuzzy H
2,0 and fuzzy S2 with radius n, respectively. Ac-
cording to the similar arguments in fuzzy four-sphere [19], it can be shown that the radii of fuzzy
These relations are readily derived by using {γa, γb} = 2ηab and the formula
[AB,CD] = A{B,C}D − AC{B,D}+ {A,C}DB −C{A,D}B. (143)
21If we defined XAB as XAB ≡ iXa for (A,B) = (6, a) and XAB ≡ Xab for (A,B) = (a, b), XAB would become
SO(3, 3) generators. However, in this case, hermiticity of XAB is not coherent: Xab are hermitian but X6a are
anti-hermitian. Then, we adopt the definition (145).
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hyperboloid- and fuzzy sphere-bundles are specified by n and X5 as given by (147) and (148).
Eq.(147) indicates that the Hilbert space of the SO(3, 2) representation (100) which lives on the
latitude X5 of H2,2F with radius n is given by the direct-sum of the Hilbert spaces of two SU(1, 1)
representations (70) of fuzzy two-hyperboloids with radii (n+X5)/2 and (n −X5)/2. Similarly,
Eq.(148) represents that the Hilbert space of the SO(1, 4) representation (126) which lives on the
latitude X5 of H4,0F with radius n is given by the direct-sum of the Hilbert spaces of two SU(2)
representations of fuzzy two-hyperboloids with radii (n+X5)/2 and (n −X5)/2 22. Around the
“north pole” X5 ∼ n, (147) and (148) are respectively reduced to H2,2F (n)|X5∼n ∼ H2,0F (n) and
H4,0F (n)|X5∼0 ∼ S2F (n), and hence H2,2F and H4,0F are locally expressed as
H2,2F (n) ∼ H2,2(n)⊗H2,0F (n) (149)
and
H4,0F (n) ∼ H4,0(n)⊗ S2F (n). (150)
Thus, H2,2F is locally equivalent to fibration of fibre H
2,0
F over the basemanifold H
2,2 and similarly,
H4,0F is equivalent to fibration of S
2
F over H
4,0. With use of the original symmetries of the
hyperbolic basemanifolds, (149) and (150) can be expressed as
H2,2F ≃ SO(3, 2)/U(1, 1) (151)
and
H4,0F ≃ SO(1, 4)/U(2), (152)
where we utilized SO(3, 2)/U(1, 1) ∼ H2,2 ⊗ SO(2, 2)/U(1, 1) ∼ H2,2 ⊗ SU(1, 1)/U(1) for (151),
and SO(1, 4)/U(2) ∼ H4,0 ⊗ SO(4)/U(2) ∼ H4 ⊗ SU(2)/U(1) for (152).
The non-compact Hopf maps are a “classical” counterpart of the fuzzy hyperboloids, and then
the corresponding structures can also be observed in the geometry of the non-compact Hopf maps.
To see this, consider the total manifold of the split 2nd Hopf map, H4,3, and its corresponding
symplectic manifold CP 1,2 [32]23
CP 1,2 ≃ H4,3/S1 ∼ H2,2 ⊗H2,1/S1 ≃ H2,2 ⊗H2,0. (153)
One may find that the last expression on the right-hand side of (153) corresponds to (149).
Similarly for the hybrid 2nd Hopf map, we have
CP 1,2 ≃ H4,3/S1 ∼ H4,0 ⊗ S3/S1 ≃ H4,0 ⊗ S2. (154)
Again, the last expression on the right-hand side of (154) corresponds to (150). Thus, the indefinite
complex projective space CP 1,2 is considered as the classical counterpart of the H2,2F and H
4,0
F
(see Appendix C for CP p,q). Meanwhile, CP 1,2 is represented by the coset:
CP 1,2 ≃ SU(2, 2)/U(1, 2). (155)
22Non-unitary representations of H2,2F (100) and H
4,0
F (126) carry four quantum numbers, n1, n2, n3 and n4. Two
of them specify the radius of fuzzy four-hyperboloid n(= n1 + n2 + n3 + n4) and the spectrum of X
5. The other
two specify two latitudes of the two fuzzy hyperboloid- or two fuzzy sphere-bundles.
23Eq.(153) implies thatH4,3 can be expressed as two distinct fibrations, H4,3 ∼ CP 1,2⊗S1 andH4,3 ∼ H2,2⊗H2,1.
We reconsider this in the context of lowest Landau level physics in Section 6.2.
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Symmetry Original manifolds Hopf Maps k matrix Enhanced Algebra Fuzzy Manifolds
SO(5) S4 = H0,4 Compact Hermite SO(6) ≃ SU(4) S4F ≃ CP 3,0
SO(4, 1) dS4 = H1,3 / Anti-hermite / /
SO(3, 2) H2,2 Split Hermite SO(2, 4) ≃ SU(2, 2) H2,2F ≃ CP 1,2
SO(2, 3) AdS4 = H3,1 / Anti-hermite / /
SO(1, 4) EAdS4 = H4,0 Hybrid Hermite SO(4, 2) ≃ SU(2, 2) H4,0F ≃ CP 1,2
Table 2: Fuzzyfication of four-hyperboloids and related properties.
The SU(2, 2) symmetry naturally appears as the isometry of CP 1,2. This is another way of
understanding the appearance of the SU(2, 2) in the geometry of fuzzy H2,2F and fuzzy H
4,0.
The relevant mathematical structures of 4D fuzzy sphere and fuzzy hyperboloids are summa-
rized in Table 2.
4.5.2 Quantum fluctuations of geometry
Physically, the symmetry enhancement is brought by quantum fluctuations of the geometry on
fuzzy hyperboloid [5, 6]. To see this, we first introduce the coherent state |ω〉 to satisfy
ηabx
aXb|ω〉 = n|ω〉. (156)
Here, Xa and xa are coordinates on fuzzy and classical four-hyperboloid respectively, and ηab is
the corresponding indefinite metric, i.e. the SO(1, 4) metric for H4,0F or the SO(3, 2) metric for
H2,2F . The coherent state is derived as
|ω〉 = 1√
n!
(Φ†kφ)n|0〉, (157)
where k is the hermitianizing matrix, Φ is the Schwinger operator whose components satisfy
[Φα,Φ
†
β ] = kαβ , [Φα,Φβ] = [Φ
†
α,Φ
†
β] = 0, and φ is the non-compact Hopf spinor. The dual state
of |ω〉 is given by
〈ω| = 1√
n!
〈0|(φ†kΦ)n, (158)
which satisfies 〈ω|ω〉 = 1. With the coherent state, one-point functions are derived as
〈ω|Xa|ω〉 = nxa. (159)
Thus, one-point functions reduce to coordinates on the corresponding classical hyperboloid. Mean-
while, two-point functions are calculated as
〈ω|XaXb|ω〉 = n2xaxb + n(−xaxb + 2ixab + ηab), (160)
where xab are defined by
xab ≡ 1
n
〈ω|Xab|ω〉. (161)
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xab do not have any counterpart in coordinates on the classical hyperboloid. Since xa and xab are
the expectation values of the SU(2, 2) operators, they amount to coordinates on CP 1,2. The sub-
dominant second term of the order n on the right-hand side of (160) signifies quantum fluctuations,
and it includes xab: the CP 1,2geometry. In the “classical limit” n→∞, we see that (160) indeed
reduces to its classical counterpart 〈ω|XaXb|ω〉 → n2xaxb, while in the quantum limit n ≃ O(1),
the particular CP 1,2 coordinates xab become comparable to the classical term xaxb of the order n2,
indicating that quantum fluctuations on fuzzy hyperboloid smear the original hyperbolic geometry
to generate a new enhanced geometry of CP 1,2.
5 Even Higher Dimensional Generalization of Fuzzy Hyperboloid
For the previous realization of fuzzy hyperboloids, we utilized gamma matrices of low dimensional
indefinite orthogonal groups. In this section, we extend the previous analysis to construct even
higher dimensional fuzzy hyperboloids based on general indefinite gamma matrices (Section 5.1
and 5.2). We also investigate fuzzy-bundle structure of fuzzy hyperboloids (Section 5.3).
5.1 Hierarchical structure of fuzzy ultra-hyperboloid
Remember, in the case of fuzzy H2,2, its coordinates are essentially given by the SO(3, 2) gamma
matrices. Therefore, it may be natural to define general fuzzyH2p,2q for their coordinates to satisfy
the algebra of SO(2q + 1, 2p) gamma matrices. Such fuzzy coordinates do not close algebra by
themselves without introducing SO(2q+1, 2p) generators. In total, they amount to SO(2q+2, 2p)
algebra, and in this sense the SO(2q + 2, 2p) algebra can be considered as the total algebra of
fuzzy H2p,2q. For fuzzy four-hyperboloids, H2,2F and H
4,0
F , their total algebras were identically
given by SO(2, 4) ≃ SO(4, 2) ≃ SU(2, 2). Thus, besides the original fuzzy coordinates that
reduce to the classical coordinates of the original hyperboloid H2p,2q, the closure of the algebra
“requires” an extra fuzzy space spanned by the SO(2q + 1, 2p) algebra. Such newly introduced
fuzzy space is considered as H2p,2q−2F as we shall see below. On a fixed latitude of the basemanifold
of H2p,2q, which is simply realized by taking an eigenvalue of the fuzzy coordinate X2p+2q+1,
the commutators between the remaining fuzzy coordinates Xµ (µ = 1, 2, · · · , 2p + 2q) yield the
SO(2q, 2p) generators. Thus at each latitude of the original hyperboloid, the SO(2q, 2p) algebra
is defined. This can be regarded as a sort of “fibration”. The SO(2q, 2p) algebra is the defining
algebra of fuzzy H2p,2q−2 as discussed above, and then “SO(2q, 2p)”-fiber geometrically indicates
H2p,2q−2F . In this sense, H
2p,2q
F is understood as such a fuzzy manifold whose basemanifold is
H2p,2q and fibre is H2p,2q−2F :
H2p,2qF ∼ H2p,2q ⊗H2p,2q−2F , (162)
for q 6= 0. Consequently, fuzzy hyperboloid is considered as a fibration of lower dimensional
fuzzy hyperboloid-bundle on a hyperbolic basemanifold. We designate such hierarchical geometry
(162) as the hyperbolic hierarchy. This is a generalization of the split Hopf map, since (162) for
p = q = 1 reduces to (153).
For q = 0, a special care is needed. In the case q = 0, the “fibre” is given by SO(2p) algebra
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that defines S2p−2F . Then, the relation (162) is modified to give
H2p,0F ∼ H2p ⊗ S2p−2F . (163)
We designate the structure (163) as the hybrid hierarchy, since (163) is a generalization of the
hybrid Hopf map, in the sense that (163) for p = 2 reduces to the hybrid Hopf map (154).
The ultra-hyperboloids thus “contain” lower dimensional fuzzy hyperboloids (or spheres) as
their fuzzy-fibre. Inversely, higher dimensional hyperboloids can be constructed by low dimen-
sional fuzzy manifolds. Such geometrical structure is called the dimensional hierarchy [27, 12].
5.1.1 Hyperbolic hierarchy: Construction I
We argue the dimensional hierarchy in view of the structure of indefinite gamma matrices. The
gamma matrices of SO(2q+1, 2p) are “constructed” by those of SO(2q−1, 2p). We first introduce
the SO(2q − 1, 2p) gamma matrices γi (i = 1, 2, · · · , 2p + 2q − 1) that satisfy
{γi, γj} = 2ηij , (164)
with ηij = diag(
2q−1︷ ︸︸ ︷
+,+, · · · ,+,
2p︷ ︸︸ ︷
−,−, · · · ,−). The hermitianizing matrix k is hermitian, and kγi are
hermitianized gamma matrices. The SO(2q + 1, 2p) gamma matrices are constructed as
Γi = −γi ⊗ σ2 =
(
0 iγi
−iγi 0
)
, Γ2p+2q =
(
0 1
1 0
)
, Γ2p+2q+1 =
(
1 0
0 −1
)
, (165)
which satisfy
{Γa,Γb} = 2ηab, (166)
with ηab = (ηij ,+,+). The construction of SO(3, 2) gamma matrices (86) is the simplest demon-
stration of the formula (165) . The hermitianizing matrix K is also given by
K = k ⊗ 12 =
(
k 0
0 k
)
, (167)
and indeed the SO(2q + 1, 2p) gamma matrices become hermitian:
KΓi =
(
0 ikγi
−ikγi 0
)
, KΓ2p+2q =
(
0 k
k 0
)
, KΓ2p+2q+1 =
(
k 0
0 −k
)
. (168)
In this way, the SO(2q+1, 2p) gamma matrices are constructed by the SO(2q−1, 2p) gamma ma-
trices. Since the gamma matrices correspond to coordinates of fuzzy hyperboloid, in the language
of geometry, such hierarchical structure suggests that H2p,2qF contains H
2p,2q−2
F as its internal fuzzy
space. This agrees with the observation (162).
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5.1.2 Hybrid hierarchy: Construction II
The SO(2p+1, 2q) gamma matrices can be constructed from the SO(2q− 1, 2p) gamma matrices
γi as
Γi = γi ⊗ iσ1 =
(
0 iγi
iγi 0
)
, Γ2p+2q =
(
0 1
−1 0
)
, Γ2p+2q+1 =
(
1 0
0 −1
)
, (169)
which satisfy
{Γa,Γb} = 2ηab, (170)
with ηab = (−ηij ,−,+). The construction of SO(1, 4) gamma matrices (116) is the simplest
demonstration of the formula (169). The hermitianizing matrix K is given by
K = k ⊗ σ3 =
(
k 0
0 −k
)
, (171)
and the SO(2p + 1, 2q) gamma matrices are hermitianized as
KΓi =
(
0 ikγi
−ikγi 0
)
, KΓ2p+2q =
(
0 k
k 0
)
, KΓ2p+2q+1 =
(
k 0
0 k
)
. (172)
In particular p = 0, the SO(1, 2q) gamma matrices are constructed by the SO(2q − 1) gamma
matrices: With SO(2q − 1) gamma matrices γi satisfying {γi, γj} = 2δij , we have
K = 1⊗ σ3 =
(
1 0
0 −1
)
, (173)
and
KΓi =
(
0 iγi
−iγi 0
)
, KΓ2p+2q =
(
0 1
1 0
)
, KΓ2p+2q+1 =
(
1 0
0 1
)
. (174)
Such SO(2q − 1) gamma matrix structure is consistent with the above observation that H2p,0F
contains S2p−2F as its internal fuzzy space (163).
5.1.3 Examples in low dimension
One can construct gamma matrices of SO(odd,even) in any higher dimensions by following the
method in Section 5.1.1 (Construction I) and the one in Section 5.1.2 (Construction II) from either
SO(3) or SO(1, 2) gamma matrices 24. In low dimensions, we have
24The hermitianizing matrix of SO(2q + 1, 2p) is also constructed by repeatedly applying the procedure (167) or
(173) to the hermitianizing matrix of SO(1, 2) or SO(3), i.e. σ3 or 12. Then, one finds that the hermitianizing matrix
of SO(2q + 1, 2p) is unitarily equivalent to the split-signature diagonal matrix, K = diag(
2
p+q−1︷ ︸︸ ︷
+, · · · ,+,
2
p+q−1︷ ︸︸ ︷
−, · · · ,−).
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where I and II denote “Construction I and II”, and the gamma matrix of “SO(1)′′ is defined as
−1 to construct SO(3) gamma matrix by (165). For the construction of fuzzy ultra-hyperboloid
H2p,2qF , SO(2q+1, 2p) gamma matrices are utilized, and hence the above hierarchical structure of
indefinite gamma matrices suggests the dimensional hierarchy of fuzzy ultra-hyperboloids:
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We have seen that the non-unitary representation of H2p,2qF (p + q ≤ 2) is given by the fi-
nite dimensional representation that is equal to the fully symmetric representation of the fuzzy
sphere S2p+2q+1F . Therefore, non-unitary finite dimensional representation for arbitrary fuzzy
ultra-hyperboloids can be readily constructed by applying a similar technique developed in the
analysis of fuzzy spheres [13, 74]. For unitary infinite dimensional representation in low dimensions,
we have seen that the unitary representation made by the Schwinger operators corresponds to
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discrete series of the corresponding indefinite orthogonal groups. According to Harish-Chandra’s
equal-rank condition [75], arbitrary SO(2q+1, 2p) group generally accommodates discrete series25.
Then, we can adopt the SO(2q + 1, 2p) discrete series for unitary construction of H2p,2qF .
5.2 Classical counterpart
Here, we introduce a coset for the “classical limit” of fuzzy hyperboloid. The classical counterpart
of fuzzy two-hyperboloid, H2,0F , is given by H
2,0
F ≃ SO(1, 2)/U(1), while those of fuzzy four-
hyperboloids are H2,2F ≃ SO(3, 2)/U(1, 1) and H4,0F ≃ SO(1, 4)/U(2). Furthermore, from [7], we
know that the classical counterpart of fuzzy sphere is H0,2pF = S
2p
F ≃ SO(2p+1)/U(p). Therefore,
one may infer the coset of fuzzy hyperboloid as
H2p,2qF ≃ SO(2q + 1, 2p)/U(q, p) ≃ SO(2p, 2q + 1)/U(p, q). (175)
For q 6= 0, (175) yields
H2p,2qF ∼ H2p,2q ⊗ SO(2p, 2q)/U(p, q), (176)
where H2p,2q ≃ SO(2p, 2q + 1)/SO(2p, 2q) was used. Thus, H2p,2qF is regarded as a manifold
whose basemanifold is H2p,2q and its fibre is represented by the coset SO(2p, 2q)/U(p, q). From
the relation
SO(2p, 2q)/SO(2p, 2q − 1) ≃ U(p, q)/U(p, q − 1) (≃ H2p,2q−1), (177)
one may find that (176) implies
H2p,2qF ∼ H2p,2q ⊗ SO(2p, 2q − 1)/U(p, q − 1) ≃ H2p,2q ⊗H2p,2q−2F . (178)
As a special case of (175), for q = 0, we have
H2p,0F ∼ H2p,0 ⊗ SO(2p)/U(p). (179)
Thus, H2p,0F is locally given by the fibre-bundle of the fibre SO(2p)/U(p) over the basemanifold
H2p,0. From
SO(2p)/SO(2p − 1) ≃ U(p)/U(p − 1) (≃ S2p−1), (180)
we find that (179) further suggests
H2p,0F ∼ H2p,0 ⊗ SO(2p − 1)/U(p − 1) ≃ H2p,0 ⊗ S2p−2F . (181)
Thus, we confirmed that (175) reproduces the geometrical structure of fuzzy hyperboloid discussed
in Section 5.1, and these results support the validity of (175). Due to the existence of internal
fuzzy manifold, the dimension of H2p,2qF is not 2(p + q) but larger than that of H
2p,2q:
dim[SO(2q, 2p + 1)/U(q, p)] = (p+ q + 1)(p + q). (182)
The dimensions of H2p,2qF and H
2p,2q coincide only in the cases for (p, q) = (1, 0) and (0, 1), i.e.
H2,0F and S
2
F .
25For instance, see Refs.[76, 77, 78] for more about non-compact groups and also Refs.[79, 80] for unitary repre-
sentation of the SU(p, q) group made by Schwinger operator.
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In the following, we give several concrete examples of the dimensional hierarchy of fuzzy
hyperboloids and their corresponding gamma matrices. We use the definition, S2pF ≡ H0,2pF and
H2pF ≡ H2p,0F . For p+ q = 1, we have
SO(3) gamma mat. : S2F ∼ H0,2 = S2,
SO(1, 2) gamma mat. : H2F ∼ H2,0 = H2. (183)
For p+ q = 2,
SO(5) gamma mat. : S4F ∼ H0,4 ⊗H0,2F ∼ S4 ⊗ S2,
SO(3, 2) gamma mat. : H2,2F ∼ H2,2 ⊗H2,0F ∼ H2,2 ⊗H2,
SO(1, 4) gamma mat. : H4F ∼ H4,0 ⊗ S2F ∼ H4 ⊗ S2. (184)
Note that these three respectively correspond to three kinds of the 2nd Hopf map. For p+ q = 3,
SO(7) gamma mat. : S6F ∼ H0,6 ⊗H0,4F ∼ S6 ⊗ S4 ⊗ S2,
SO(5, 2) gamma mat. : H2,4F ∼ H2,4 ⊗H2,2F ∼ H2,4 ⊗H2,2 ⊗H2,
SO(3, 4) gamma mat. : H4,2F ∼ H4,2 ⊗H4,0F ∼ H4,2 ⊗H4 ⊗ S2,
SO(1, 6) gamma mat. : H6F ∼ H6,0 ⊗ S4F ∼ H6 ⊗ S4 ⊗ S2. (185)
For p+ q = 4,
SO(9) gamma mat. : S8F ∼ H0,8 ⊗H0,6F ∼ S8 ⊗ S6 ⊗ S4 ⊗ S2,
SO(7, 2) gamma mat. : H2,6F ∼ H2,6 ⊗H2,4F ∼ H2,6 ⊗H2,4 ⊗H2,2 ⊗H2,
SO(5, 4) gamma mat. : H4,4F ∼ H4,4 ⊗H4,2F ∼ H4,4 ⊗H4,2 ⊗H4 ⊗ S2,
SO(3, 6) gamma mat. : H6,2F ∼ H6,2 ⊗H6F ∼ H6,2 ⊗H6 ⊗ S4 ⊗ S2,
SO(1, 8) gamma mat. : H8F ∼ H8 ⊗ S6F ∼ H8 ⊗ S6 ⊗ S4 ⊗ S2. (186)
5.3 Non-compact monopoles
It is known that monopole gauge fields are realized as canonical connection of fibre-bundles of fuzzy
spheres (see [19] as a review). Similarly, non-compact monopoles appear as associated connection
of bundles of fuzzy hyperboloids.
5.4 U(1) monopole on H2,0
As a warm-up, we introduce U(1) monopole on H2,0 from the 1st non-compact Hopf map. From
the non-compact 1st Hopf map (51), the total manifold H2,1 can be expressed as
H2,1 ≃ H2,0 ⊗ S1. (187)
Since S1 ≃ U(1), the non-compact 1st Hopf map is physically related toH2,0 in the U(1) monopole
background. Indeed, by inverting (58), the total manifold H2,1 denoted by φ is represented as
φ =
1√
2(1 + x3)
(
1 + x3
x1 + ix2
)
eiχ, (188)
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where xi are coordinates on H2,0 and eiχ stands for U(1) phase factor. The associated fibre-
connection is derived as
A = −iφ†σ3dφ = dxiAi (189)
where
Ai = ǫij3
xj
2(1 + x3)
. (190)
The corresponding curvature is
Fij = ∂iAj − ∂jAi = −1
2
ǫijkx
k. (191)
5.4.1 SO(2p) monopole on H2p,0
Similarly, from the hybrid 2nd Hopf map, H4,3 is expressed as
H4,3 ≃ H4,0 ⊗ S3. (192)
Since S3 is the group manifold corresponding to SU(2), the hybrid 2nd Hopf map is closely related
to the SU(2) monopole gauge field on H4,0. The total manifold H4,3 denoted by ψ in (120) is
parameterized as
ψ = Mφ, (193)
where φ is the SO(3) Hopf spinor subject to the constraint φ†φ = 1, representing S3, and M is
4× 2 matrix given by
M =
1√
2(1 + x5)
(
(1 + x5)12
(x412 − ixiσi)
)
. (194)
Here, xa denote the coordinates on H4,0 that satisfy ηabx
axb = −∑4µ,ν=1 δµνxµxν + x5x5 = 1.
The connection of S3-bundle is evaluated to give SU(2) monopole gauge field on H4,0:
A = −iM †kdM = 1
2(1 + x5)
ηµνix
µdxνσi, (195)
where ηµνi is ’t Hooft tensor ηµνi ≡ ǫµνi4 − δµiδν4 + δµ4δνi (ǫ1234 = 1, µ = 1, 2, 3, 4) [81], and k
is given by (117). The fuzzy ultra-hyperboloid H2p,0F is a generalization of the hybrid Hopf maps
and is locally given by H2p,0F ∼ H2p,0 ⊗ S2p−2F . Following the above procedure, we can derive
the connection of fuzzy fibre S2p−2F over H
2p,0. We introduce the “SO(1, 2p) Hopf spinor” Ψ as a
classical counterpart of the fuzzy hyperboloid H2p,0F ,
Ψ = MΦ, (196)
where M denotes 2p+1 × 2p matrix given by
M =
1√
2(1 + x2p+1)
(
(1 + x2p+1)1
x2p1− ixiγi
)
. (197)
Thus, the SO(1, 2p) Hopf spinor Ψ is generally constructed by (196) from the SO(2p − 1) Hopf
spinor Φ. The simplest example of this construction is (193): from the SO(3) Hopf spinor to the
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SO(1, 4) Hopf spinor. Here, xa signify coordinates onH2p,0 and satisfy ηabx
axb = 1 with SO(1, 2p)
metric ηab = diag(−,−, · · · ,−,+) (a, b = 1, 2, · · · , 2p + 1), 1 denotes 2p × 2p unit matrix and γi
(i = 1, 2, · · · , 2p − 1) are SO(2p− 1) gamma matrices that satisfy
{γi, γj} = 2δij . (198)
Φ in (196) stands for the coordinates on S2p−2F , which satisfies Φ
†Φ = 1 [see Ref.[27] for realization
of Φ]. From the following properties
M †KM = 1, M †KΓaM = xa1, (199)
with K (173) and Γa (174), one may readily see that Ψ satisfies Ψ†KΨ = Φ†Φ = 1 and the
“generalized” hybrid Hopf map
Ψ†KaΨ = xa. (200)
The connection of fuzzy bundle S2p−2F is calculated as
A = −iM †KdM = dxakAa, (201)
where
Aµ = − 1
1 + x2p+1
σµνx
ν , A2p+1 = 0. (202)
Here, σµν are the SO(2p) generators
26,
σij = −i1
4
[γi, γj ], σi,2n = −σ2p,i = 1
2
γi, (204)
with γi ≡ −γi. The field strength Fab = ∂aAb − ∂bAa − i[Aa, Ab] is derived as
Fµν = −xµAν + xνAµ + σµν , Fµ,2p+1 = −F2p+1,µ = (1 + x2p+1)Aµ. (205)
Thus, the connection of S2p−2F -fibre represents the SO(2p) gauge field on H
2p,0.
5.4.2 SO(2p, 2q) monopole on H2p,2q
In the case of the split 2nd Hopf map, the total manifold H4,3 is locally expressed as
H4,3 ∼ H2,2 ⊗H2,1. (206)
Since H2,1 ≃ SU(1, 1), the split 2nd Hopf map is closely related to H2,2 in the SU(1, 1) monopole
background. The normalized SO(3, 2) spinor ψ representing the total manifold H4,3 (91) can be
expressed as
ψ = Mφ, (207)
26σµν satisfy the SO(2p) algebra
[σµν , σρσ] = i(δµρσνσ − δµσσνρ − δνρσµσ + δνσσµρ). (203)
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where M denotes 4× 2 matrix of the form
M =
1√
2(1 + x5)
(
(1 + x5)12
x412 − ixiτi
)
. (208)
Here, xa are coordinates on H2,2: ηabx
axb =
∑4
µ,ν=1 ηµνx
µxν+x5x5 = 1 (ηµν = diag(−,−,+,+)),
and φ is the SO(1, 2) Hopf spinor that satisfies the condition of H2,1-fibre, φ†σ3φ = 1. The
associated connection of H2,1-fibre is derived as
A = −iM †kdM = − 1
2(1 + x5)
η′µνiσ
3τ ixµdxν , (209)
where η′µνi (µ, ν = 1, 2, 3, 4) is “split”-’t Hooft symbol:
η′µνi = ǫµνi4 − ηµiην4 + ηνiηµ4, (210)
with ǫijk4 ≡ ǫijk. τ i in (209) are the SU(1, 1) Pauli matrices (54), and (209) denotes SU(1, 1)
monopole gauge field. The commutators of the SU(1, 1) gauge field (209) yield
[Aµ, Aν ] = i
1
1 + x5
(xµAν − xνAµ) + i1
2
1− x5
1 + x5
η′µνiτ
i, (211)
and the field strength, Fab = ∂aAb − ∂bAa − i[Aa, Ab], satisfies
FacF
c
b = −(ηac − xaxb)(
1
2
τi)
2 − iFab. (212)
Eqs.(211) and (212) will be useful in Section 6.2.1.
The above analysis can readily be applied to higher dimensional fuzzy hyperboloid H2p,2q
(q 6= 0). Corresponding to H2p,2qF (q 6= 0) which is locally given by H2p,2qF ∼ H2p,2q ⊗H2p,2q−2F ,
we introduce the “SO(2q + 1, 2p) Hopf spinor”
Ψ = Mψ, (213)
where M denotes 2p+q+1 × 2p+q matrix of the form
M =
1√
2(1 + x2p+2q+1)
(
(1 + x2p+2q+1)1
x2p+2q1− ixiγi
)
. (214)
Here, γi (i = 1, 2, · · · , 2p+2q− 1) are the SO(2q − 1, 2p) gamma matrices, xa (a = 1, 2, · · · , 2p+
2q + 1) are coordinates on the basemanifold H2p,2q that satisfy ηabx
axb = 1 with SO(2q + 1, 2p)
metric ηab, and 1 denotes 2
p+q × 2p+q unit matrix. ψ signifies the fuzzy-fibre H2p,2q−2F . From the
SO(1, 2p) Hopf spinor ψ, we repeat the procedure (213) “q times” to construct the SO(2q+1, 2p)
Hopf spinor. (The SO(1, 2p) Hopf spinor itself is constructed by the procedure discussed in Section
5.4.1.) From Ψ, a projection matrix P is constructed as
P = ΨΨ†K, (215)
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which satisfies P 2 = P and PΨ = Ψ. M (214) satisfies
M †KM = k, M †KΓaM = xak, (216)
where K and k are the hermitianizing matrices (167) and Γa are SO(2q + 1, 2p) gamma matrices
(168). Here, Γa and γi respectively signify SO(2q + 1, 2p) and SO(2q − 1, 2p) gamma matrices
related by (165). We obtain Ψ†KΨ = ψ†kψ = 1 and the “generalized” split-Hopf map
Ψ†KaΨ = xa. (217)
The connection of fuzzy bundle H2p,2q−2F over H
2p,2q is derived as
A = −iM †KdM = dxakAa, (218)
where Aa (a = 1, 2, · · · , 2p+ 2q + 1) are
Aµ = − 1
1 + x2p+2q+1
σµνx
ν , A2p+2q+1 = 0. (219)
Here µ, ν = 1, 2, · · · , 2p + 2q, and σµν are the SO(2p, 2q) generators27 given by
σij = −i1
4
[γi, γj ], σi,2p+2q = −σ2p+2q,i = 1
2
γi, (221)
with i, j = 1, 2, · · · , 2p+2q − 1. The field strength Fab = ∂aAb − ∂bAa − i[Aa, Ab] is calculated as
Fµν = −xµAν + xνAµ + σµν , Fµ,2p+2q+1 = −F2p+2q+1,µ = (1 + x2p+2q+1)Aµ. (222)
The SO(2p, 2q) monopole gauge field is thus induced as the connection of fuzzy bundle H2p,2q−2F
over the basemanifold H2p,2q.
To summarize, the connection of fuzzy bundle of H2p,2qF physically corresponds to SO(2p, 2q)
monopole gauge field over the basemanifold H2q,2p. In particular for (p, q) = (2, 0), the gauge
group of monopole is SO(4, 0) ≃ SU(2) ⊗ SU(2) or SU(2). Meanwhile, for (p, q) = (1, 1), the
gauge group of monopole is SO(2, 2) ≃ SU(1, 1) ⊗ SU(1, 1) or SU(1, 1).
6 Fuzzy Hyperboloid realized as Lowest Landau Level
The lowest Landau level physics illustrates close relations between monopoles and fuzzy geometry
[27]. Here, we explore such relations for fuzzy two- (Section 6.1) and four-hyperboloids (Section
6.2).
27σµν satisfy
[σµν , σρσ] = i(ηµρσνσ − ηµσσνρ − ηνρσµσ + ηνσσµρ), (220)
with the SO(2q, 2p) metric, ηµν .
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6.1 Lowest Landau level on two-hyperboloid
First, we introduce one-particle mechanics on two-hyperboloid in U(1) monopole background [41].
The Lagrangian is given by
L =
M
2
ηij x˙
ix˙j + x˙iAi, (223)
with ηij = diag(−,−,+)28. Here, Ai denotes the U(1) gauge field
Ai =
I
2
ǫij3
xj
1 + x3
(224)
with monopole charge I/2 (I is an integer). In the lowest Landau level M → 0, the kinetic term
is quenched and the Lagrangian reduces to
LLLL = x˙
iAi = −iIφ†σ3 d
dt
φ, (225)
where φ stands for the SO(1, 2) Hopf spinor with the normalization condition,
φ†σ3φ = 1. (226)
The canonical conjugate of φ is derived as
π =
∂LLLL
∂φ˙
= −iIφ†σ3. (227)
Then, π is not the time derivative of φ†, but φ† itself. Therefore, when we impose the canonical
quantization condition between φ and π,
[φα, πβ] = iδαβ , (228)
φ∗ is expressed as
φ∗ =
1
I
σ3
∂
∂φ
. (229)
The normalization (226) becomes a constraint imposed on Hilbert space
φt
∂
∂φ
fLLL = IfLLL, (230)
which determines the lowest Landau level bases, fLLL. fLLL is given by the homogeneous polyno-
mials of the Hopf spinor constructed by replacing the Schwinger operator in (70) with the Hopf
spinor. Furthermore, in the lowest Landau level, xi (58) are effectively represented as
Xi =
1
I
φt(τi)
t ∂
∂φ
, (231)
which satisfy
[Xi,Xj ] =
1
I
iǫijkXk. (232)
28The corresponding Landau problem is investigated in Ref.[82]. See also [41, 83] for related works about super-
symmetrization.
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The equations of motion are derived as
X˙i = −i[Xi, V ] = 1
I
ǫijkXjEk, (233)
where Ei = −∂iV . (233) indicates a hyperbolic version of the cyclotron motion of the center of
mass coordinates Xi. The Hall law
EiX˙i = 0, (234)
and the cyclotron motion
FijX˙
j = −(ηij −XiXj)Ej , (235)
follow from (233). Here, Fij is the field strength of the monopole:
Fij = ∂iAj − ∂jAi = −I
2
ǫiikx
k. (236)
6.2 Lowest Landau level on four-hyperboloid
Eq.(153) suggests two superficially different expressions for H4,3:
H4,3 ∼ H2,2 ⊗H2,1 ∼ CP 1,2 ⊗ S1. (237)
In either case, the bundles are principal bundles :
H2,1 ≃ SU(1, 1), S1 ≃ U(1). (238)
This observation implies that H2,2 in SU(1, 1) monopole background is equivalent to CP 1,2 in U(1)
monopole background. Here, we demonstrate this speculation in the context of lowest Landau
level physics. The following analysis is a non-compact extension of the analysis in Ref.[84].
6.2.1 Lowest Landau level on H2,2 in SU(1, 1) monopole background
In SU(1, 1) monopole background, one-particle Lagrangian is given by
L =
M
2
ηabx˙
ax˙b + x˙aAa, (239)
where xa (a = 1, 2, 3, 4, 5) are coordinates on H2,2 subject to
ηabx
axb = 1, (240)
with SO(3, 2) metric ηab = diag(−,−,+,+,+), and Aa represents the SU(1, 1) monopole gauge
field (209)29. The Lagrangian (239) apparently respects the SO(3, 2) symmetry. Meanwhile in the
lowest Landau level, the mass term drops and the gauge interaction term only survives to yield
LLLL = x˙
aAa = −iIψ†kdψ
dt
, (241)
29The corresponding Landau problem is investigated in Ref.[32]. The Landau problem on H4,0 in SU(2) monopole
background (which corresponds to the hybrid 2nd Hopf map) is also argued in Ref.[85].
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with the constraint for the SO(3, 2) Hopf spinor
ψ†kψ = 1. (242)
One may see that both (241) and (242) enjoy the enhanced SU(2, 2) ≃ SO(4, 2) symmetry as
the rotational symmetry of ψ. From the lowest Landau level Lagrangian (241), the canonical
conjugate of ψ is derived as
π = −iIψ†k. (243)
With the canonical quantization
[ψα, πβ] = iδαβ , (244)
we have
ψ∗ =
1
I
k
∂
∂ψ
. (245)
In quantum mechanics, the normalization (242) is transformed to a constraint on the Hilbert space
ψt
∂
∂ψ
fLLL = IfLLL. (246)
Then, the lowest Landau level bases are given by the homogeneous polynomials of the components
of the SO(3, 2) Hopf spinor. Furthermore, xa (92) reduce to
Xa =
1
I
ψtγta
∂
∂ψ
. (247)
Also, the total angular momentum Lab reduces to the field strength, Lab → −Fab, and hence the
non-commutative relations
[Xa,Xb] = 4iLab (248)
are rewritten as
[Xa,Xb] = −4iFab. (249)
Consequently, in the lowest Landau level, we derive the equations of motion as
X˙a = −i[Xa, V ] = 4FabEb, (250)
where Ea = −∂aV . From the equations of motion (250), we obtain the Hall law
EaX˙a = 0, (251)
and a generalized cyclotron motion
F abX˙b = −(ηab − xaxb)Eb · (τi)2 − iF abEb, (252)
where (212) was used.
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6.2.2 U(1) monopole gauge fields on CP 1,2
The coordinates on H4,3 are parameterized as (207) with (208) and the H2,1-fibre is represented
as
φ =
1√
2(1 + n3)
(
1 + n3
n1 + in2
)
eiχ (253)
with
ηijn
inj = −n1n1 − n2n2 + n3n3 = 1. (254)
The U(1) gauge field on CP 1,2 is derived as
A = −iψ†kdψ = dxaAa(x, n)|I=1 + dniAi(n)|I=1, (255)
where Aa (a = 1, 2, 3, 4, 5) and Ai (i = 1, 2, 3) are respectively given by
Aµ(x, n) = I
2
η′µνi
xν
1 + x5
ni, A5 = 0, (256a)
Ai(n) = I
2
ǫij3
nj
1 + n3
. (256b)
Here, η′µνi denotes the split-’t Hooft tensor (210) and I/2 (I: integer) stands for U(1) monopole
charge. Aa and Ai are tangent to the surface of H2,2 and H2,0, respectively:
ηabAaxb = ηijAinj = 0. (257)
The U(1) field strength
Fab = ∂aAb − ∂bAa, Fai = ∂aAi − ∂iAa, Fij = ∂iAj − ∂jAi, (258)
is calculated as
Fµν = −2 + x
5
1 + x5
(xµAν − xνAµ)− Iη′µνi
ni
1 + x5
, Fµ5 = (1 + x5)Aµ, (259a)
Fµi = −Fiµ = −I
2
η′µνi
xν
1 + x5
−Aµni, F5i = −Fi5 = 0, (259b)
Fij = −I
2
ǫijkn
k, (259c)
which is orthogonal to the surface of CP 1,2 in the following sense:
ηabx
aFbc = ηabxaFbi = 0, (260a)
ηijn
iF jk = ηijniF ja = 0. (260b)
Furthermore, they satisfy
FijF jk = −I
2
4
(δ ki − nink), (261a)
F ijFja = −I
2
ǫijkAajnk, (261b)
FµiF ijFjν = I
2
4
1
1 + x5
(xµAν − xνAµ) + I
3
8
1− x5
1 + x5
η′µνin
i, (261c)
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where Aai in (261b) is defined as Aa ≡ Aaini (256a), i.e. Aµi = I2η′µνi x
ν
1+x5 , A5i = 0, and the
properties of the split- ‘t Hooft tensor, ǫijkη
′
µνiη
′
ρσj = ηµρη
′
νσk − ηµση′νρk − ηνρη′µσk + ηνση′µρk, was
used to derive (261c). It should be noted that the right-hand side of (211) is “equal” to that of
(261c) by replacing the SU(1, 1) matrix τ i with its corresponding c-number ni. Hence, we have
the correspondence30:
σ3[Aa, Ab] ↔ i 4
I2
FaiF ijFjb. (262)
Eventually, one may find that the SU(1, 1) and U(1) field strengths are related as
σ3Fab ↔ Fab + 4
I2
FaiF ijFjb. (263)
6.2.3 Lowest Landau level on CP 1,2 in U(1) monopole background
We consider the one-particle motion on CP 1,2 in U(1) monopole background. The one-particle
Lagrangian is given by
S =
∫
dt
[
M
2
(
dxa
dt
)2 +
M
2
(
dni
dt
)2 +Aa(x, n)dx
a
dt
+Ai(n)dn
i
dt
− V (x, n)
]
. (264)
The Lagrange multipliers, λ1 and λ2, are introduced to incorporate the conditions (254) and (93).
With the Lagrange multipliers, the equations of motion are derived as
Mx¨a = −x˙bFba − n˙iFia +Ea + 2λ1xa,
Mn¨i = −n˙jFji − x˙aFai + Ei + 2λ2ni, (265)
where Ea = −∂aV , Ei = −∂iV . With (254) and (93), the Lagrange multipliers are obtained as
λ1 =
M
2
xax¨a − 1
2
xaEa, λ2 =
M
2
nin¨i − 1
2
niEi. (266)
Substituting (266) to (265), we have
M(ηab − xaxb)x¨b = Fabx˙b + Fain˙i + (ηab − xaxb)Eb, (267a)
M(ηij − ninj)n¨j = Fij n˙j + Fiax˙a + (ηij − ninj)Ej . (267b)
By multiplying x˙a and n˙i to (267a) and (267b) respectively, their sum yields
M(ηabx˙
ax¨b + ηij n˙
in¨j) = x˙aE
a + n˙iE
i, (268)
where the “normalization” conditions (240) and (254) were used. In the lowest Landau level
(M → 0), (268) reduces to a generalized Hall law on CP 1,2:
x˙aE
a + n˙iE
i = 0, (269)
30For the case (a, b) = (µ, 5) or (a, b) = (5, ν), the validity of (262) is apparent since A5 = 0 and F5i = 0.
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and (267) also reduces to
0 = Fabx˙b + Fain˙i + (ηab − xaxb)Eb, (270a)
0 = Fijn˙j + Fiax˙a + (ηij − ninj)Ej . (270b)
We arrange these first derivative equations to derive the equation of motion for xa. From (270b),
one finds that n˙i are related to x˙a as
n˙i =
4
I2
F ijEj + 4
I2
F ijFjax˙a, (271)
where (260b) and (261a) were used. From (259c) and (261b), (271) can be rewritten as
n˙i = −2
I
ǫijk(Ej +Aaj x˙a)nk, (272)
which is a natural generalization of the cyclotron motion (233). By inserting (271) to (270a), we
eventually obtain the first derivative equation only for xa:
(Fab + 4
I2
FaiF ijFjb)x˙b = − 4
I2
FaiF ijEj − (ηab − xaxb)Eb. (273)
Unlike the two-hyperboloid (235), (273) contains higher orders of U(1) field strengths. When
Ei = 0, (273) reduces to
(Fab + 4
I2
FaiF ijFjb)x˙b = −(ηab − xaxb)Eb. (274)
With use of the correspondence (263), one may find equivalence between the SU(1, 1) case (252)
and the U(1) case (274). Thus in the lowest Landau level, one-particle mechanics on H2,2 in the
SU(1, 1) monopole background and that on CP 1,2 in U(1) monopole background are equivalent
at the level of classical equations of motion. In this way, we confirmed equivalence between fuzzy
H2,2 and fuzzy CP 1,2 in the context of lowest Landau level.
7 Summary and Discussions
We developed a systematic construction of fuzzy ultra-hyperboloids based on gamma matrices
of indefinite orthogonal groups. With the cousins of quaternions, the split and hybrid Hopf
maps were introduced. We realized fuzzy two- and four-hyperboloids as the Schwinger operator
version of such non-compact Hopf maps. We also performed a study of fuzzy hyperboloids in
higher dimensional space-times with use of indefinite gamma matrices. There are two ways to
describe fuzzy hyperboloids; one is to utilize non-unitary finite dimensional representation, while
the other is to utilize unitary infinite dimensional representation. With the appropriate choice of
vacuum of Schwinger operators, we showed that the Schwinger operator formalism yields infinite
dimensional representation of the discrete series of non-compact groups. The geometry of fuzzy
ultra-hyperboloids reflects the generalized structures of the split and hybrid Hopf maps. We
illuminated such generalized enhanced symmetry and dimensional hierarchy in the geometry of
fuzzy ultra-hyperboloids. Non-compact monopole gauge field is naturally induced as connection
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of the fibration of fuzzy hyperboloid. We also argued the identification between the fuzzy four-
hyperboloid and the six-dimensional fuzzy indefinite complex projective space in the context of
the lowest Landau level physics. We believe that the present study may be useful not only for
fuzzy physics itself but also for further understanding of brane geometry, twistors, and higher spin
theory.
Finally, we mention the limitation of the present work. Irreducible representation of non-
compact group generally contains discrete and principal series. We focused on the discrete series
and the corresponding fuzzy hyperboloids of the type Heven,evenF . The fuzzy hyperboloids by the
principal series are of the type Hodd,oddF , which includes for instance, H
1,1
F (= dS
2
F = AdS
2
F ) and
H1,3F (= dS
4
F ). Such fuzzy hyperboloids are beyond the scope of the present study
31, and systematic
construction of such fuzzy hyperboloids should be addressed in future works.
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A Hybrid 3rd Hopf map
The 1st and 2nd Hopf maps were realized by sandwiching the Pauli and SO(5) gamma matrices
by Hopf spinors. One may expect that such realization can be readily applied to the 3rd Hopf
map. However, it is not so straightforward, since the octonions cannot be realized by matrices
due to their non-associative property. Instead of using the octonions themselves, the octonion
31Still, we partially discuss a construction of fuzzy Hodd,odd in Appendix B with use of the split-complex number.
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structure constants are utilized to derive the following 8× 8 matrices[19, 86]
λ1 = −i


σ2 0 0 0
0 σ2 0 0
0 0 σ2 0
0 0 0 −σ2

 , λ2 =


0 −σ3 0 0
σ3 0 0 0
0 0 0 −12
0 0 12 0

 ,
λ3 =


0 −σ1 0 0
σ1 0 0 0
0 0 0 −iσ2
0 0 −iσ2 0

 , λ4 =


0 0 −σ3 0
0 0 0 12
σ3 0 0 0
0 −12 0 0

 ,
λ5 =


0 0 −σ1 0
0 0 0 iσ2
σ1 0 0 0
0 iσ2 0 0

, λ6 =


0 0 0 −12
0 0 −σ3 0
0 σ3 0 0
12 0 0 0

 ,
λ7 =


0 0 0 −iσ2
0 0 −σ1 0
0 σ1 0 0
−iσ2 0 0 0

 . (275)
They are real antisymmetric matrices that satisfy
{λI , λJ} = −2δIJ . (276)
With λ0 ≡ 18, λ0 and λI (I = 1, 2, · · · , 7) are regarded as the SO(8) “Weyl +” gamma matrices.
From λ0 and λI , the SO(1, 8) gamma matrices ΓA are constructed as
ΓI = λI ⊗ σ1, Γ8 = i18 ⊗ σ2, Γ9 = 18 ⊗ σ3, (277)
or
ΓI =
(
0 λI
λI 0
)
, Γ8 =
(
0 18
−18 0
)
, Γ9 =
(
18 0
0 −18
)
, (278)
which satisfy
{ΓA,ΓB} = 2ηAB , (279)
where A,B = 1, 2, · · · , 9 and ηAB = ηAB = diag(−,−,−,−,−,−,−,−,+). ΓI and Γ8 are real
antisymmetric matrices:
(ΓI)t = ΓI = −ΓI , (Γ8)t = Γ8 = −Γ8. (280)
Since ΓA are real matrices, the SO(1, 8) generators, ΣAB = −i14 [ΓA,ΓB], are purely imaginary:
Σ∗AB = −ΣAB. Thus, the present representation is Majorana representation, in which the charge
conjugation matrix is given by an unit matrix, and the SO(1, 8) Majorana spinor is simply rep-
resented by (16-component) real spinor. From (50), the hermitianizing matrix K is constructed
as
K = Γ1Γ2 · · ·Γ8 = Γ9 =
(
18 0
0 −18
)
, (281)
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and the gamma matrices are hermitianized as
KA = KΓA. (282)
In detail,
KI =
(
0 λI
−λI 0
)
, K8 =
(
0 18
18 0
)
, K9 =
(
18 0
0 18
)
. (283)
The SO(1, 8) Hopf spinor is an SO(1, 8) Majorana spinor32 subject to the normalization con-
dition
ΨtKΨ = Ψ1
2 +Ψ2
2 + · · ·+Ψ82 −Ψ92 −Ψ102 − · · · −Ψ162 = 1, (284)
and hence Ψ is regarded as coordinates on H8,7. By sandwiching ΓA between the 3rd Hopf spinors,
we realize the hybrid 3rd Hopf map, H8,7
S7−→ H8,0, as
Ψ→ xA = ΨtKAΨ. (285)
Here, xA are coordinates on H
8,0, since∑
A,B=1,2,··· ,9
ηABx
AxB = (ΨtKΨ)2 = 1. (286)
The SO(1, 8) Hopf spinor Ψ is represented as
Ψ =
1√
2(1 + x9)
(
(1 + x9)Φ
(x8 − λIxI)Φ
)
, (287)
where Φ is an SO(7) real 8-component spinor subject to the constraint
ΦtΦ = 1, (288)
representing the S7-bundle. The connection of S7-bundle is evaluated as
A = −iΨtKdΨ = − 1
2(1 + x9)
σMNx
NdxM , (289)
where
σIJ = −i1
4
[λI , λJ ], σI8 = −σ8I = i1
2
λI , (290)
with λI ≡ −λI . These represent the SO(8) monopole gauge field on H8,0. The corresponding
field strength
FAB = ∂AAB − ∂BAA − i[AA, AB ] (291)
is derived as
FMN = xMAN − xNAM − σMN , FM9 = −F9M = (1 + x9)AM . (292)
32The SO(p, q) with p + q = 9 accommodate Majorana spinor only when (p, q) = (9, 0), (5, 4) and (1, 8). The
former two cases correspond to the compact and split 3rd Hopf maps, and the last corresponds to the hybrid 3rd
Hopf map.
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B Split Algebra and Fuzzy Split-Hyperboloid
The split-imaginary unit j is introduced so as to satisfy
j2 = 1, j∗ = −j, (293)
where ∗ denotes complex conjugation. With two real numbers x and y, the split-complex number
is defined as
z = x+ jy. (294)
Its complex conjugation is given by
z∗ = x− jy, (295)
and then
z∗z = zz∗ = x2 − y2. (296)
The split Hopf maps are naturally introduced by adopting the split-complex number [45]. Simi-
larly, the unitary and special unitary groups of split-complex numbers are introduced as
SU(p) ≡ SU(p;C′) = SL(p,R), (297a)
U(p) ≡ U(p;C′) = U(1)⊗ SU(p). (297b)
Note that the (quasi-)split hyperboloid Hp+1,p is represented by the coset
Hp+1,p ≃ SU(p+ 1)/SU(p). (298)
B.1 Fuzzy two-hyperboloid: H1,1F
The coordinates on S2F satisfy the SU(2) algebra and square of the radius of S
2
F is specified by
the eigenvalues of the SU(2) Casimir. In a similar manner, we introduce fuzzy split-hyperboloid,
H1,1F , based on the split imaginary unit. The coordinates on H1,1F are constructed as
Xi = Φ†σiΦ, (299)
where σi (i = 1, 2, 3) are “Pauli matrices” with split imaginary unit:
σ1 =
(
1 0
0 −1
)
, σ2 =
(
0 1
1 0
)
, σ3 =
(
0 −j
j 0
)
, (300)
and Φ denotes a two-component Schwinger operator whose components satisfy
[Φα,Φ
†
β ] = δαβ . (301)
(300) gives SO(2, 1) gamma matrices in the sense that the “Pauli matrices” satisfy
{σi, σj} = 2ηij , (302)
with ηij = diag(+,+,−), and then Xi (299) satisfy the SU(1, 1) algebra
[Xi,Xj ] = jǫijkXk. (303)
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Square of the radius of H1,1F is given by the SU(1, 1) Casimir
ηijX
iXj = X2 + Y 2 − Z2 = (Φ†Φ)(Φ†Φ+ 2). (304)
Note that the right-hand side of (304) is invariant under “SU(1, 1) rotations” generated by (300).
Thus, the spectra of square of the radius of H1,1F are given by l(l + 1) with l = 0, 1/2, 1, 3/2, · · · .
The commutative counterpart of H1,1F is one-leaf hyperboloid
H1,1 ≃ SU(1, 1)/SO(1, 1) ≃ AdS2 ≃ C′P 1. (305)
C
′P 1 will be introduced in Appendix C.2.
B.2 Fuzzy four-hyperboloid: H2,2F
Next, we discuss the fuzzy four-hyperboloid based on the split-imaginary unit. With the Pauli
matrices σi made of the split-imaginary unit (300), “SO(3, 2)” gamma matrices are constructed
as
γi =
(
0 jσi
−jσi 0
)
, γ4 =
(
0 12
12 0
)
, γi =
(
12 0
0 −12
)
, (306)
which satisfy
{γa, γb} = 2ηab, (307)
where ηab = (−,−,+,+,+). The “SO(3, 2) generators” are also given by
σab = −j 1
4
[γa, γb], (308)
which satisfy
[γa, σbc] = −j(ηabγc − ηacγb),
[σab, σcd] = j(ηacσbd − ηadσbc + ηbdσac − ηbcσad). (309)
With four-component Schwinger operator Φ, [Φα,Φ
†
β] = δαβ (α, β = 1, 2, 3, 4), we introduce the
fuzzy coordinates on H2,2F as
Xa = Φ†γaΦ, (310)
and square of the radius of H2,2F is derived as
ηabX
aXb = (Φ†Φ)(Φ†Φ+ 4). (311)
With XAB (A,B = 1, 2, 3, 4, 5, 6); Xa6 ≡ −12Xa and Xab ≡ −i14 [Xa,Xb], XAB satisfy the closed
algebra:
[XAB ,XCD] = j(ηACXBD − ηADXBC + ηBDXAC − ηBCXAD), (312)
where ηAB = diag(−,−,+,+,+,−), i.e. the SO(3, 3) metric. (Remember, in the case of H2,2F ,
XAB satisfy the SO(4, 2) algebra (146).) Note that SO(3, 3) is isomorphic to the split-imaginary
special unitary group: SO(3, 3) ≃ SU(4). Then, H2,2F is represented as the coset
H2,2F ≃ SO(3, 3)/U(3) ≃ SU(4)/U(3) ≃ C′P 3, (313)
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where C′P 3 denotes split-complex projective space (see Appendix C.2). With the original sym-
metry SO(3, 2), H2,2F can be expressed as
H2,2F ≃ SO(3, 2)/U(2), (314)
since C′P 3 ∼ H2,2 ⊗ H1,1 ≃ SO(3, 2)/SO(2, 2) ⊗ SO(2, 1)/SO(1, 1) ≃ SO(3, 2)/(SO(2, 1) ⊗
SO(1, 1))33. This result is a natural split-complex number version of fuzzy four-sphere: S4F ≃
SO(5)/U(2). Also note that H2,2F is different from H2,2F (151).
B.3 Fuzzy split-hyperboloids: Hp,pF
From the above discussions, it may be natural to expect that fuzzy split-hyperboloids are generally
given by the coset:
Hp,pF ≃ SO(p + 1, p)/U(p). (316)
This is a natural split signature counterpart of the fuzzy sphere, S2pF ≃ SO(2p+1)/U(p) [7]. Hp,pF
is locally given by
Hp,p ∼ Hp,p ⊗ SO(p, p)/U(p), (317)
where Hp,p and SO(p, p)/U(p) respectively represent the basemanifold and the fibre on it. With
SO(p, p)/SO(p, p − 1) ≃ U(p)/U(p − 1) (≃ Hp,p−1), (318)
the fuzzy split-hyperboloid may be expressed as
Hp,pF ∼ Hp,p ⊗ SO(p, p − 1)/U(p − 1)
≃ Hp,p ⊗Hp−1,p−1F
∼ Hp,p ⊗Hp−1,p−1 ⊗Hp−2,p−2 ⊗ · · · ⊗H2,2 ⊗H1,1. (319)
Then in low dimensions, we have
H1,1F ≃ SO(2, 1)/U(1) ≃ H1,1,
H2,2F ≃ SO(3, 2)/U(2) ∼ H2,2 ⊗H1,1,
H3,3F ≃ SO(4, 3)/U(3) ∼ H3,3 ⊗H2,2 ⊗H1,1,
H4,4F ≃ SO(5, 4)/U(4) ∼ H4,4 ⊗H3,3 ⊗H2,2 ⊗H1,1. (320)
The dimension of the fuzzy split-hyperboloid Hp,pF is given by
∑p
k=1 2k = p(p+ 1).
The coordinates of Hp,pF are regarded as the gamma matrices of the (quasi-)split orthogonal
groups SO(p+ 1, p). Then, the hierarchical geometry (320) can also be observed in the structure
33Here, we used
SO(2, 2) ≃ SU(1, 1)⊗ SU(1, 1), SO(2, 1) ≃ SU(1, 1) ≃ SU(2), SO(1, 1) ≃ U(1). (315)
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of the SO(p+1, p) gamma matrices. The SO(p+1, p) gamma matrices, Γa (a = 1, 2, · · · , 2p+1),
are given by
Γi =
(
0 jγ2p−i
−jγ2p−i 0
)
, Γ2p =
(
0 1
1 0
)
, Γ2p+1 =
(
1 0
0 −1
)
, (321)
where i = 1, 2, · · · , 2p − 1. The anti-commutation relations of Γa read as
{Γa,Γb} = 2ξab, (322)
where ξab = (−η2p−i,2p−j,+,+). Thus, from SO(p + 1, p) gamma matrices, we can construct
SO(p + 2, p + 1) gamma matrices. With iterative use of (321), we have the gamma matrices of
the following groups
SO(2, 1)→ SO(3, 2)→ SO(4, 3) → SO(5, 4)→ · · · . (323)
The split Hopf spinor for Hp,pF is constructed as
Ψ = Mψ, (324)
where M denotes 2p × 2p−1 matrix of the form34
M =
1√
2(1 + x2p+1)
(
(1 + x2p+1)12p−1
x2p12p−1 − jxiγ2p−i
)
, (327)
with xiγ2p−i ≡ ξijxiγ2p−j. As found in (319), Hp,pF is regarded as fuzzy fibre-bundle of the fibre
Hp−1,p−1F over the basemanifold H2,2. The connection of fuzzy bundle Hp−1,p−1F is derived as
A = dxaAa = −jM †dM, (328)
where
Aµ = − 1
1 + x2p+1
σµνx
ν , A2p+1 = 0. (329)
Here, σµν (µ, ν = 1, 2, · · · , 2n) are SO(p, p) generators given by
σij = −j 1
4
[γ2p−i, γ2p−j ], σi,2p = −σ2p,i = 1
2
γ2p−1, (330)
with i = 1, 2, · · · , n − 1. Aa represent SO(p, p) monopole gauge field. The field strength, Fab =
∂aAb − ∂bAa − j[Aa, Ab], is derived as
Fµν = −xµAν + xνAµ + σµν , Fµ,2p+1 = −F2p+1,µ = (1 + x2p+1)Aµ. (331)
34M satisfies
M†M = 1,
MM† =
1
2
(
12p−1 + x
2p+1 x2p12p−1 + jx
iγ2p−i
x2p12p−1 − jx
iγ2p−i 12p−1 − x
2p+1
)
=
1
2
(1 + xaΓ
a) ≡ P, (325)
where P is a projection operator:
P 2 = P, PΨ = Ψ. (326)
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C Indefinite Complex Projective Spaces
We briefly introduce indefinite complex and split-complex projective spaces.
C.1 Indefinite complex projective spaces
Indefinite complex projective space signifies complex projective space in indefinite complex space.
CP p,q is defined so as to satisfy the condition of H2q,2p+1
p+1∑
i=1
zi
∗zi −
q∑
j=1
z′
∗
jz
′
j = 1, (332)
modulo U(1):
(z1, z2, · · · , zp+1, z′1, z′2, · · · , z′q) ∼ eiθ(z1, z2, · · · , zp+1, z′1, z′2, · · · , z′q), (333)
and hence CP p,q is expressed as the coset:
CP p,q ≃ H2q,2p+1/S1, (334)
or
CP p,q ≃ SU(p+ 1, q)/U(p, q) ≃ SU(q, p+ 1)/U(q, p). (335)
(334) can be regarded as a higher dimensional generalization of the non-compact 1st Hopf map.
Indeed, for (p, q) = (0, 1), we reproduce the non-compact 1st Hopf map,
CP 0,1 ≃ SU(1, 1)/U(1) ≃ H2,1/S1 ∼ H2,0. (336)
Also, CP p,q are related to the 2nd and 3rd split Hopf maps:
CP 1,2 ≃ SU(2, 2)/U(1, 2) ≃ H4,3/S1 ∼ H2,2 ⊗H2,0, (337a)
CP 3,4 ≃ SU(4, 4)/U(3, 4) ≃ H8,7/S1 ∼ H4,4 ⊗H2,2 ⊗H2,0. (337b)
(337a) is the basic relation of the discussion in Section 6.2.
C.2 Split-complex projective spaces
The split-complex projective spaces C′P p are introduced by replacing the usual imaginary unit
with the split imaginary unit in the definition of CP p: With zi = xi + jyi (i = 1, 2, · · · , p + 1) ∈
C
′p+1, C′P p is defined so as to satisfy the condition of Hp+1,p
p+1∑
i=1
z∗i zi =
p+1∑
i=1
xixi −
p+1∑
i=1
yiyi = 1, (338)
modulo U(1)
(z1, z2, · · · , zp+1) ∼ ejθ(z1, z2, · · · , zp+1). (339)
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Therefore, C′P p can be expressed by the coset:
C
′P p ≃ Hp+1,p/H1, (340)
or
C
′P p ≃ SU(p + 1)/U(p), (341)
where we used H1 ≃ U(1) and (298). In particular, related to the split Hopf maps, we have35
C
′P 1 ≃ SU(2)/U(1) ≃ H2,1/H1,0 ∼ H1,1,
C
′P 3 ≃ SU(4)/U(3) ≃ H4,3/H1,0 ∼ H2,2 ⊗H1,1.
C
′P 7 ≃ SU(8)/U(7) ≃ H8,7/H1,0 ∼ H4,4 ⊗H2,2 ⊗H1,1. (343)
Notice that for split-complex projective space, we need not define its indefinite version. It is
because C′P p,q satisfies
p∑
i=1
z∗i z1 −
q+1∑
j=1
z˜∗j z˜j = (
p∑
i=1
xixi +
q+1∑
j=1
y˜j y˜j)− (
p∑
j=1
yjyj +
q+1∑
i=1
x˜ix˜i) = 1, (344)
modulo U(1), however with z′i ≡ xi+ jyi (i = 1, 2, · · · , p) and z′p+i ≡ y˜i+ jx˜i (i = 1, 2, · · · , q+1),
(344) can be rewritten in the form of (338):
p+q+1∑
i=1
z′i
∗
z′i = 1. (345)
This indicates36
C
′P p,q = C′P p+q. (349)
35Eq.(341) is a non-compact version of the expression CP p ≃ SU(p + 1)/U(p) ≃ S2p+1/S1. Eq.(343) is the
split-signature version of
CP 1 ≃ SU(2)/U(1) ≃ S3/S1 ∼ S2,
CP 3 ≃ SU(4)/U(3) ≃ S7/S1 ∼ S4 ⊗ S2
CP 7 ≃ SU(8)/U(7) ≃ S15/S1 ∼ S8 ⊗ S4 ⊗ S2. (342)
36(349) is also consistent with the cosets for C′P p,q and C′P p+q:
C
′P p,q ≃ SU(p+ 1, q)/U(p, q) (346)
and
C
′P p+q ≃ SU(p+ q + 1)/U(p+ q), (347)
since
SU(p, q) ≃ SU(p+ q), U(p, q) ≃ U(p+ q). (348)
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